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Abstract: In this paper, we propose a Bayesian approach to estimate the curve of a function f(-) that
models the solar power generated at k moments per day for n days and to forecast the curve for the
(n+1)th day by using the history of recorded values. We assume that f(-) is an unknown function and

~ f(K)).

An advantage of this approach is that we may estimate the curves of f(-) and f,,11(+) as “smooth

adopt a Bayesian model with a Gaussian-process prior on the vector of values f(t) = (f(1),..

functions” obtained by interpolating between the points generated from a k-variate normal distribu-
tion with appropriate mean vector and covariance matrix. Since the joint posterior distribution for
the parameters of interest does not have a known mathematical form, we describe how to implement
a Gibbs sampling algorithm to obtain estimates for the parameters. The good performance of the
proposed approach is illustrated using two simulation studies and an application to a real dataset.
As performance measures, we calculate the absolute percentage error, the mean absolute percentage
error (MAPE), and the root-mean-square error (RMSE). In all simulated cases and in the application
to real-world data, the MAPE and RMSE values were all near 0, indicating the very good performance
of the proposed approach.

Keywords: photovoltaic solar power forecasting; statistical modeling; Bayesian inference; Gaussian
process; MCMC; Gibbs sampling algorithm

1. Introduction

In recent years, there has been a significant increase in solar energy generation, from
both photovoltaic plants and residences with photovoltaic panels installed on their roofs.
This has been driven by societal and governmental interest in clean and renewable energy,
with an important aspect of “clean” being lower CO, emission compared to fossil fuels.
Because of this, more photovoltaic plants are being connected to local electric-supply
systems every day.

However, according to [1], this causes instability in the grid, which is one of the
greatest challenges to the energy industry. Electrical operators need to know how much
energy will be added to the system in order to balance it with consumption and ensure
that the system is capable of meeting consumer demand. For [2], the ability to predict
photovoltaic solar power output is very important for secure grid operation, scheduling,
and the effectiveness of power-grid management.

In this context, statistical models emerge as important tools for modeling and pre-
dicting photovoltaic power generation. Some statistical approaches used for modeling the
solar photovoltaic power generation include linear regression models [3-6], autoregressive
models [7-9], and artificial-neural-network models [10-12], that is, parametric models are
still commonly employed due to their ease of use.
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However, parametric models have at least three limitations: (i) the analysis is limited
to the function (or functions) previously chosen by the analyst; (ii) the complexity and/or
flexibility of the functions considered is limited by the number of parameters in the func-
tions; and (iii) there may exist several functions that can fit the recorded values equally well.
A common solution adopted in much statistical analysis is to fit a set of candidate models
and then choose the best model using some model-selection criterion, such as AIC [13] or
BIC [14]. Even in those cases, issues (ii) and (iii) still remain.

In this paper, in order to give models more flexibility instead of restricting them to a
function f(-) chosen previously, we adopt a semi-parametric Bayesian approach, in which
the curve of the function f(+) is estimated from the observed data. For this, we assume that
cumulative solar photovoltaic power generation, measured at k time instants per day, is
modeled by an additive model composed of a nonlinear growth function f(-) evaluated
at k time instants plus a random error e. However, instead of setting up f(-) as a known
mathematical function, we assume that f(-) is an unknown function whose vector of values
f(t) = (f(1),..., f(k)) is treated as a set of parameters that must be estimated based on
recorded data for t = (1,...,k). To jointly estimate f(t) and the other parameters in the
proposed model, we adopt a Bayesian approach with a Gaussian-process prior over f(t).
An advantage of this approach is that we may estimate the curve of function f(-) using
“smooth functions” that are obtained by linking points generated from a k-variate normal
distribution with an appropriate mean vector and covariance matrix. Additionally, we
present a forecasting procedure for the value of the curve on the (n + 1)th day, conditioned
on the values recorded over the first n days.

Since the joint posterior distribution for the parameters and the predictive distribution
of the proposed model do not have known mathematical forms, we describe how to
implement a Gibbs sampling algorithm [15-17] to generate random values from these
two distributions. This algorithm generates values from the distributions of interest in
an indirect way, using the conditional posterior distributions, as long as those are known,
which is the case for the model proposed here.

To illustrate the performance of the proposed model, we include two simulation stud-
ies. In the first one, we examine the performance of the proposed model in the estimation
of the curve of f(-). As performance measures, we calculate the absolute percentage error
(APE) and the mean absolute percentage error (MAPE). In all simulated cases, the proposed
approach presents MAPE values near 0, indicating that the estimated values are close to
the real values. In the second simulation study, we evaluate the performance of predictions
made with the proposed approach. Analogously to the first simulation study, the proposed
approach presents satisfactory performance, as indicated by MAPE values near zero. In ad-
dition to APE and MAPE values, we also evaluate the performance of predictions in terms
of the root-mean-square error (RMSE). The RMSE values were all near zero, indicating a
very good performance of the proposed approach. We also apply the proposed approach to
a real dataset. Like in the simulation studies, the results obtained in this application were
very accurate, with MAPE and RMSE values near zero.

The main novelty that we bring in this paper is in the way that we model the generation
of solar photovoltaic power over time. First, we consider the photovoltaic power generated
on each day as having its own behavior, and the behavior is taken to be proportional to
the average behavior of the measurements over the last n days. Second, the function f(-)
that models the generation of solar power as a function of time is considered unknown,
but with its curve estimated from the observed data. We highlight the following four
advantages of this approach: (i) the proposed hierarchical Bayesian model is very flexible
and adapts to the number of values recorded; (ii) the inference procedure is based on a
Gibbs sampling algorithm, which can be easily implemented in statistical software such as
R; (iii) the predicted growth curve for day (n + 1) is obtained directly using only the history
of the first n measurements; and (iv) there is no need to fit a set of models and afterwards
compare them using some model-selection criterion.
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The remainder of the paper is organized as follows. In Section 2, we present the dataset
that has motivated us to develop the proposed modeling, the hierarchical Bayesian model,
and the estimation procedure for the parameters of interest. In Section 2, we also present
the results of the first simulation study. In Section 3, we present the prediction procedure
and the second simulation study. In Section 4, we apply the proposed approach to a real
dataset. Finally, in Section 5, we conclude with some final remarks.

2. Dataset and Statistical Modeling

A critical component of any statistical analysis is the dataset used to make inferences on
the parameters of interest. The dataset used in this paper was obtained from a photovoltaic
plant installed on the campus of the Brazilian Federal University of Mato Grosso du Sul.
This dataset is freely available on the website https://github.com/lscad-facom-ufms/
Solar2 (accessed on 3 June 2024), and more details on the experiment can be found in [18].
The dataset used to make inferences on the parameters of the proposed model contains
measurements of solar photovoltaic power generation taken at k = 74 time instants each
day over a period of N = 19 days. In other words, the dataset is a spreadsheet composed
of 3 columns and k x n = 74 x 19 = 1406 lines. Figure 1 shows a clipping from the data
spreadsheet, showing that the first column contains the day (1-19), the second column the
time instant (T1I, 1-74), and the third column the observed values for photovoltaic solar
power (PSP) generated.

t Day TI PSP
21 1 6315
31 2 14031
41 3 27365
s 1 4 4351

Figure 1. Clipping of the data spreadsheet.

Let Wj; be the solar power recorded at the ith time instant of the ith day and
W; = (W, ..., Wj) the vector of values recorded on the ith day, fori = 1,...,N and
t =1,...,k. Figure 2 shows the values recorded over the first two days of the experiment.
As one can note, the recorded data on these two days present great variability, which makes
the modeling process difficult. For the other days, the recorded values present similar
behavior. Due to this, we opt to model the accumulated values.

t
Consider Wi¢ = }° Wy to be the accumulated values of the photovoltaic power
=1

generated through the fth time instant of the ith day and W = (WS, ..., W5) to be
the vector of accumulated values, fori = 1,...,nand t = 1, ..., k. Figure 3a shows the
accumulated values recorded over the first four days of the experiment. As one can note,
the accumulated values present more stable and predictable behavior. However, many
values in the vectors W are on the scale of 100,000, which could cause computational
problems in the inference process. To avoid this problem, we opt to model the logarithm
of the accumulated values, denoted by Yj; = log(W{‘), fori =1,...,Nand t = 1,...,k.
Additionally, let Y; = (Yj1,...,Yi) be the vector of values recorded on the ith day, for
i=1,...,N.

Figure 3b, shows the graph of Y values recorded over the first four days of the
experiment. The symbols e in black connected by black lines represent the average values
Yy = (¥1,---,Y;). For the other days, the recorded Y values present similar behavior. From
this point forward, and without loss of generality, consider the modeling of y = (y1,...,yx),
that is, the data recorded over the first #n days of the experiment, for n < N, where the
primary interest is in in the prediction of the values that will be generated on day (1 + 1).
That is, y is an n X k matrix in which row i contains the y values generated on day i, for
i=1,...,n.
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Figure 2. Solar power generated over time for days 1 and 2.
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Figure 3. Solar power generated over time. (a) W1, W, W3, and Wy. (b) W{°, W5°, W5°, and W°.

2.1. Hierarchical Bayesian Model

Based on Figure 3b, consider the average curve (black line) to be a nonlinear growth
function f(t), where f(t) = (f(1),..., f(k)) is a vector composed of the values of f(-) atk
instants of time, t = (1,..., k). Assume that the growth function for the ith day is propor-
tional to f(-), i.e., fi(:) = Cif(-),for C; > 0and i = 1,...,n with n < N. In other words,
we are assuming that there is a growth function f(-) whose curve represents the average
curve from n curves, with the curve on the ith day proportional to the average curve.

Consider recorded values on the ith day to be generated according to the following
additive model:

Y; = (Yit, ..., Yix) ~ Ci - £(t) + g, 1

with C; > 0, where €; = (¢j1, .. .,¢€j) is a vector of random errors, fori = 1,...,n. Assume
that ¢; is generated according to a k-dimensional multivariate normal distribution with
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mean vector 0 = (0,...,0) and covariance matrix X (dimension k x k) composed of the
elements o, (t,t') = Cov(ey, ep), fort,' =1,...,kandi=1,...,n.

To complete Model (1), we could fix f(-) as a known mathematical function, such
as the logistic or Gompertz growth functions, among others. However, three problems
with this parametric approach are (i) the analysis is limited to the function (or functions)
previously chosen by the analyst; (ii) the complexity and/or flexibility of the considered
functions is limited by the number of parameters in the functions; and (iii) there may
exist several functions that can fit the recorded values equally well. A common solution
to problem (i) is to fit a set of candidate models and then choose the best model using
some model selection criterion, such as AIC [13] or BIC [14]. However, issues (ii) and
(iii) still remain.

In order to avoid restricting our model to a specific parametric function, from this point
onward, we assume that f(-) is an unknown function and that the values f(t) = (f(1),..., f(k))
are model parameters that need to be estimated from observed data. Under this scenario
and with the model given by (1), the parameters of interest are 8 = (f(t), %, C), where
f(t) = (f(1),...,f(k)), X is the covariance matrix of the vector of random errors, and
C=(Cy,...,Cp).

To estimate 0, we take a hierarchical Bayesian approach with a Gaussian-process
prior on f(t), denoted by £(t)|m,X¢ ~ GP(m,X¢). This means that we are considering
f(+) as an unknown function, but with the vector of values f(t) = (f(1),...,f(k)) gen-
erated by a k-variate normal distribution with mean vector m and covariance matrix ¢
composed of the elements o¢(t, ') = Cov(f(t), f(¢')), for t,t' =1,...,k. For ¥, we assume
a conjugated inverse-Wishart prior distribution with parameter (J,V), and, for C;, we
assume a prior distribution given by a truncated normal distribution (with the left-of-zero
part removed) with parameters pc and 0?2, fori = 1,...,n. The proposed model is then
represented hierarchically:

Y = (Y, -, Ya) [£(1),Z,C  ~ Ni(Cif(1),2) 2)
f(t)\m,Zf ~ gP(m,Zf)
S5,V ~ IW(S,V)

G |VC/ 0,C2 ~  Neunc (0; He, U'CZ) ’

where Ni(+), GP(-), IW(-), and Niunc(0; -) represent, respectively, a k-variate Gaussian
distribution, the Gaussian process, the inverse-Wishart distribution, and the truncated
normal distribution with values only on the right half-line; additionally, m, X, 4, V, p,
and ¢? are known hyperparameters, fori = 1,...,n.

We complete the modeling by setting the following:

(i) m = 0 in order to represent our lack of informative prior knowledge about the
expected value of f(t);

(i) ¢ = AW, with A > 0 and W a matrix of dimension k x k composed of elements
«(t,1'), calculated according to the squared exponential kernel, i.e.,

AVA
k(t,t') = n? exp{ (t 21/;) }, ®3)

with 77,v > 0. The parameter 7 controls how far the generated values are from the
average. Small values for # characterize functions that are close to their average
value, whereas larger values allow greater variation. The parameter v controls the
smoothness of the function obtained by connecting the points. Small values of v mean
that function values may change quickly, and large values characterize functions that
change more slowly (are smoother). We set A = 100, # = 1, and v = 1 in order to
obtain a weakly informative prior distribution;

(iii) We finalize the model by setting 6 =k, V = 0.01 - I, where [ is the identity matrix of
dimension k x k, and p. = 2 = 1.
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Applying Bayes'’s theorem, the joint posterior distribution for 8 = (£(t), 2, C) is given by
(0]y, t) « L£(8]y, t)7r(£(t)|m, Zf)n(Z\é,V)n(ch,acz), 4)

where L£(6]y, t) is the likelihood function of a k-variate normal distribution with parameters
f(t) and X, and 77(-) represents the probability density functions of the prior distributions,
fory = (y1,...,yn)and t = (1,...,k).

However, the joint posterior distribution does not have a known mathematical form
that allows us to generate random values from this distribution directly. Due to this, we
need to use an algorithm that generates the random numbers of this joint distribution in
an indirect way. In this paper, we opt to generate random values from 77(8|y, t) using the
Gibbs sampling algorithm [15,17] due to its simplicity of implementation and efficiency.
This algorithm generates values from the joint posterior distribution indirectly, using the
conditional posterior distributions, as long as they are known.

For the proposed hierarchical Bayesian model, the conditional posterior distributions
are known and given by

-1 -1

f(t)ly,t,e ~ GP <21< ci21+2f1> Y Ciyi, <2Ci21+2f1> ) (5)
i=1 i=1 i=1

Ly te ~ IW<5+k+”/V+Z(YiCz‘f(f))T(Yz‘Cz‘f(t))> (6)

i=1
Ty —1y,. 2

Ci|y/t1° ~ Mrunc 0, f(t)TZ Yz+1)’ T Te ’ (7)

f(t) T-(t)+1 £(t) T (t)+u

where the symbol e represents all other parameters.
Using the conditional posterior distributions, we implement a Gibbs sampling algo-
rithm according to the steps described in Algorithm 1.

Algorithm 1 Gibbs sampling algorithm.
1: Let the state of the Markov chain consist of 8 = (f(t),%, C).
2 - (f(t)<o>,z<o>,c<o>)_
3: procedure For the /th iteration of the algorithm,! =1, ..., L:
4

: Initialize the algorithm with a configuration 6

generate f(t)(!) from conditional distribution (5), given £~ and C(!~1);

5: generate ©.(!) from conditional distribution (6), given f(t)(!) and C(!-1);

0

6: generate C;’ from conditional distribution (7), given f(t) D and =D, fori=1,...,n.

After running L iterations of the Gibbs sampling algorithm, we discard the first B
iterations as a burn-in. We also consider jumps of size J, i.e., only 1 drawn from every
] was extracted from the original sequence in order to obtain a sub-sequence of size
S = [(L — B)/]] to make inferences. The estimates for the parameters of interest are given
by the average of the generated values, i.e.,

£ M) and ¢ =

n| -
g

I
—

f(HMD) 5 =

g

) = g

9]

s
y Cl-(M(l))
] I=1

1 !

where £(t)(M1), 2(M1) and CM()) are the generated values for parameters (t), Z, and C,
respectively, in the M(I) = (B+ 1+ (I — 1) - J)th iteration of the algorithm, for/ =1,...,S.
The 95% credibility interval for each of the parameters is given by the 2.5% and 97.5%
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percentiles of the sampled values. The estimated curve of f(+) is obtained by plotting the
points (t, f (t)) connected by lines, fort =1,..., k.

2.2. First Simulation Study

To illustrate the performance of the proposed approach, we develop a simulation study.
To generate the dataset, we consider f(-) as the log-Gompertz function of parameters a1, ap,
and a3 with the parametrization f(t) = log(ay) — exp{ap — ast}, for t > 0. We set oy = 12,
ay = 2, and a3 = 0.1. For the covariance matrix X, we calculate each term according to the
squared-exponential kernel given in Equation (3) with 7% = 0.01 and v? = 10.

The procedure to generate the artificial dataset is given by the following four steps:

(i) Fix the number of days n and the number of time instants per day k;
(i) Witht=(1,...,k), calculate f(t) = (f(1),...,f(k)), where f(t) is given by the log-

Gompertz function described above;

(iii) Fix the values C = (Cy,...,Cy), withC; > 0andi=1,...,n;
(iv) Generate Y; = (Yi, ..., Yy) ~ Ne(£(t) T, 2), fori=1,...,n

To simplify the visualization of the results, our first simulation study considers n = 4
and k = 50. We set C = (Cy,C,C3,C4) = (0.8,0.9,1.1,1.2). Figure 4a shows the curve of
f(t), which we call the “average curve”, and the curve for the ith day is given by C;f(t),
fori = 1,2,3,4. Figure 4b shows the curves and actual y values generated for each day
(coloured e symbols), in which black e symbols are the average values y.

With the dataset generated, we apply the proposed Gibbs sampling algorithm with
L=55,000 iterations, B = 5000, and | = 10. In this way, we obtain a posterior sample of size
S = 5000 to make inferences. To verify how far the estimates f(t) are from the real values
f(t), we calculate the absolute percentage error:

fort=1,...,k.

ci) ci)

Cf(t)

Cif(1)

= Cif(t) =

(a) (b)
Figure 4. Real curves and generated values. (a) Real curves. (b) Generated values.

Figure 5a shows f(t) (black line) and the estimated curve by the proposed method (red
line) with a credibility band of 95% (red region). Figure 5b shows APE(d) = (APE(d;), ...,
APE(dy)). APE(d) values ranged from a minimum of 0.0145 to a maximum of 1.4481, with
a mean absolute percentage error (MAPE) of 0.4568. The small values of APE indicate that
the estimated values f(t) are very close to the real values of f(t), fort =1,...,k.
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Curve — Estimated — Real APE(d)

0z, a3)

APE values

(tlas,

() (b)
Figure 5. Real and estimated curve and APE(d) values. (a) Real and estimated f(t). (b) APE(d).

Similarly, we obtained the estimated curve for the ith day by plotting the pairs (¢, ;)
connected by lines, for §;; = le(t), i=1,...,n,andt =1,...,k. For this case, we calculate
two different kinds of error: the APE for comparison between the real value C;f(t) and the
estimated value #;;; and the APE for comparison between the generated values y;; and the
estimated §;; values. They are calculated as follows:

APE(dy) = SO =Tl 00 ang aPE(e,) = M Il 409
Cif(t) Yit
fori=1,...,nandt=1,...,k.
Table 1 shows the estimates and 95% credibility intervals for parameters C;, i = 1,2, 3, 4.
As one can note, the estimated values are very close to the real values, and the real values
are inside the credibility intervals.

Table 1. Real value, estimated value, and 95% credibility interval for C;, i = 1,2,3,4.

Parameter Real Value Estimated Value Credibility Interval of 95%
G 0.8 0.8060 (0.7997, 0.8080)
G 0.9 0.8955 (0.8913, 0.9003)
Cs 1.1 1.0998 (1.0939, 1.1057)
Cy 1.2 1.2006 (1.1949, 1.2071)

Figure 6a shows C;f(t) (black line) and the estimated curves by the proposed method
(red lines), where the symbols e are the generated values for each day. Figure 6b shows
the values of APE(d;), and Table 2 shows the summary measures of APE(d;) values,
fori =1,...,n. As one can note, the estimated curves for each one of the four days is
satisfactorily close to the real curves, as indicated by APE(d;) values near zero,i =1,...,n.
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Table 2. Summary measures of APE(d;) values, fori =1,2,3,4.
Measure Min 1°Q Median Mean 3°Q Max
APE(dy) 0 0.2100 0.4450 0.5212 0.7675 1.3100
APE(dp) 0 0.4825 0.8350 0.7972 1.0575 1.9400
APE(d3) 0.0100 0.2400 0.4650 0.4650 0.5775 1.4600
APE(d4) 0.0100 0.2375 0.4250 0.4364 1.5750 1.4000

curves. (b) APE(d;) values.

Curve — Estimated — Real

@)

Day =+ 1

M

234

(b)

Figure 6. Real and estimated curves and APE(d;) values, for i = 1,2,3,4. (a) Real and estimated

/
K

Figure 7 shows the graphic of the values of APE(e;) = (APE(e;),..., APE(¢x)), and
Table 3 shows the summary measures of APE(e;) values, fori =1,...,n. APE(e;) values
are near zero, indicating that the estimated values f;; are satisfactorily close to the generated
values yj, fori=1,...,nandt =1,...,k

0

Figure 7. APE(e;) values, fori =1,2,3,4.

10

Day = 1

2 -3 4
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Table 3. Summary measures of APE(e;) values, fori =1,2,3,4.
Measure Min 1°Q Median Mean 3°Q Max
APE(eq) 0.0200 0.1775 0.3600 0.4446 0.6075 1.9200
APE(e;) 0.0200 0.2150 0.4300 0.5860 0.9175 2.2300
APE(e3) 0.0100 0.1450 0.6200 0.7934 1.2650 2.4400
APE(eq) 0 0.1325 0.2400 0.4330 0.3675 1.5600

Since the inferences were made from a posterior sample obtained from an MCMC
algorithm, it is important to check the convergence of the sampled values. As is usual, we
verify the convergence of the sampled values empirically, using the ergodic mean (ErM) of
the sampled values. Figure 8 shows the graphic of the ErM for the sampled values for f(1)
and f(30). As one can note, there is no reason to doubt the convergence of the sampled
values since the ErM values present satisfactory stabilization. The graphs of ErM for the
sampled values for other parameters are similar.

5.30
I
12.0
I

5.25
I

118
I

—

5.20
I

11.6
I

5.15
|
Ergodic mean

Ergodic mean
5.10
|
11.4
L

5.05
I
11.2
I

5.00
I
11.0
I

T T T T T T
1000 2000 3000 4000 5000 1000 2000 3000 4000 5000

o
o

Index Index

(a) (b)
Figure 8. Ergodic mean (ErM) for sampled values for f(1) and f(30). (a) f(1). (b) £(30).

3. Predictions

In addition to obtaining the estimates 0 = (f(t), 3, é) for the parameters
6 = (f(t), X, C), the modeling used in the previous section may also be used to predict the
values that will be recorded on the (n + 1)th day, i.e., Y11 = (Yl(nﬂ), cee, Yk(n+1))' This
can be performed by using the predictive distribution, given by

m(Yoalyt) = [ 7(Yoraly, t0)(ely, e, ®

where 77(8|y, t) is the joint posterior distribution for 6, given in Equation (4). However, this
integral does not have a known analytic solution. Due to this, we present in the following
an MCMC algorithm for obtaining an approximation for this integral.

From Model (1), the marginal distribution for Y; is given by a k-variate normal distribution
with mean vector 0 = (0,...,0) " and covariance matrix Cl-sz + 3%, fori=1,...,n Thus,

Y = (Y1,...,Y5) Sy ~ N (0,2y),
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where N (-) represents an nk-variate normal distribution with mean vector 0 and a
covariance matrix of dimension nk x nk, given by

C2L+ % T Yi3 ... Tin
Y01 C%Zf +X Xy o... Yon
Z4y = . . . . . 7
i1 T2 L3 ... CiZe+X
where 2y = C;CyX¢ are the covariance matrices (of dimension k x k) among the mea-

surements Y; and Yy, fori,i’ = 1,...,nand i # i’. Similarly, Y, 11 ~ N (0, C%+1Zf + Z).
Therefore, the joint distribution for (Y, Y;4+1) is

Y 0 Ty BT
AT (RIS,

where B = [Z(n_Hﬂ Lig1)2 - Z(n+l)n:| is a block of matrices, in which X, 1); are the
covariance matrices among the values of Y, 1 and Y; given by X, 1); = Cy41CiXy, for
i=1,...,n

Using the properties of the multivariate normal distribution, the conditional posterior
distribution for Y, is given by

-1
Y, 1ly,t, 0 ~ N (Bzyly, (c,% S+ 2) ~B" (c,% Zet 2) IB); 9)

with C,,41 generated from
Cpi1|C ~ Ntrunc(0,C, S2), (10)

where C and 52 are, respectively, the average and the variance of C = (Cy,...,Cy).
Thus, a sample from the conditional posterior distribution of (Y;+1,6) can be gener-
ated according to the steps in Algorithm 2.

Algorithm 2 Prediction.
1: Let the state of the Markov chain consist of 8 = (f(t),%, C) and Yn+1
)= (£9/, 20,00 ana €2,
3: procedure For the Ith iteration of the algorithm, [ =1, ..

2: Initialize the algorithm with a configuration 6(°

4: Update 6 according to Algorithm 1;

5: Generate Yéll

(=1,

from conditional posterior distribution in (9) given C, B

6: Generate C,, 1 from probability distribution in (10).

After running the algorithm for the same L iterations, burn-in B, and jump | as we
used for algorithm (1), an approximation for the integral in (8) is given by

(M(1))
n+l|y S ZYn—&-g ’

where M(!) is the (B + 1+ - J)th iteration of the algorithm, for/ =1,...,S.

Second Simulation Study

To illustrate the performance of the prediction procedure, we present a second sim-
ulation study. Like in the first simulation study, we fix n = 4, k = 50, and f(t) as the
log-Gompertz function of parameters a; = 12, ap = 2, and a3 = 0.1. Here, the main
objective is to predict the curve for the (n + 1) = 5th day.
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To obtain the curves of the first four days with the curve of f(t) being the average
curve, we adopt the following procedure:

(i) LetC; < nand define p = (p1, p2, p3, pa) with p; = %, fori =1,2,3,4;
(i) Generate p ~ Dirichlet(a), where Dirichlet(a) is the Dirichlet distribution with pa-

rameter &. We set up « = (50,50, 50,50);

(iii) Obtain C; = n - p; and generate Y; = (Yiy, ..., Yi) ~ Ni(Cf(t), %), fori = 1,...,n,

where X is obtained as described in simulation study 1.

The generated values for C = (Cy, Cy, C3, C4) were (0.9187,0.8767,1.0126,1.1919), re-
spectively. Figure 9a shows the real curves for days 1 to 4, denoted by C;f(t) fori = 1,2,3,4,
and Figure 9b shows the same graphs as Figure 9a with the generated values for each day
as correspondingly coloured e symbols, the black e symbols being the average values.

Caf(t) Caf(t)

C4f(t)

cH()
() ) :

cif(t)

al) CaA(t)

CoA(t)

(@) (b)

Figure 9. Real curves and generated values. (a) Real curves. (b) Generated values.

With (Yj,...,Y,) values generated, we generate the data for the (n + 1)th day
as follows:

(i) Generate C,, ;1 ~ Nirunc(0,C, S2), where C = % i Ciand S2 = ﬁ i (Ci— 6)2. From
i=1 i=1

the generated C = (0.9187,0.8767,1.0126,1.1919) values, the generated value for C, ;4

was 0.9823;

(i) Generate Y11= (Yut1)1r-- - Yiugye) ~ Ni(Cuaf(t), Z).

We then use the generated values for (Yy,...,Y,) in the the prediction procedure
(Algorithm 2) and obtain the estimates for Y, ;1. For this, we apply the prediction procedure
for the same L=55,000 iterations with a burn-in B = 5000 and jump of size | = 10 as we
used in Algorithm 1. The estimated curve for the (n + 1)th day is obtained by plotting the
pairs (t, §(,41);) connected by lines, where, §,,,1) is the predicted value for Y, 1), for
t=1,...,k

Figure 10a shows f(t) and the estimated curve by the proposed method, and Figure 10b
shows the graph of APE(d) values. As in the first simulation study, the results show a very
satisfactory performance of the proposed method, with the estimated curve very close to
the real curve of f(t), as indicated by APE(d) values all being less than 1.

Figure 11a shows C; f(t) (black line) and the estimated curves by the proposed method
(red lines), with the symbols e representing the generated values for each day. Figure 11b
shows APE(d;), fori = 1,...,n. As one can note, the estimated curves for each one of the
four days are satisfactorily near the real curves, as indicated by APE(d;) values near zero,
fori = 1,2,3,4. We also verify the convergence of the sampled values. Analogously to
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results presented in the first simulation study, there is no reason to doubt the convergence
of the sampled values since the ErM values present satisfactory stabilization.

APE(d)

Curve — Estimated — Real

f(tloy, az,

(a) (b)
Figure 10. Real and estimated f(t) and APE(d) values. (a) Real and estimated curves. (b) APE(d) values.

Curve — Estimated — Real Day = 1+ 23«4

oz, 2, a5)

(tl
APE values

(a) (b)

Figure 11. Real and estimated curves and APE(d;) values, fori = 1,2,3,4. (a) Real and estimated
curves. (b) APE(d;) values.

Figure 12a shows the curve for the (1 + 1)th day (green line), with the green e sym-
bols representing the generated data for the (1 + 1)th day, the predicted curve (red line),
and a posterior prediction 95% credibility band (red region). The estimate for C, is
Cui1 = 0.9936 with a 95% credibility interval given by (0.7207,1.2716), that is, the real value
C; = 0.9823 is inside the credibility interval. Additionally, the real curve is completely
inside the 95% posterior prediction band. Figure 12b shows the graph of APE(d) and
APE(e) in relation to predicted values. All APE values are smaller than 3, indicating that
predicted values are close to real values C,,11f () and to the generated values for Y, 1.
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Curve — Predicion — Real APE == d == ¢

0z, a3)

APE values

(tlas,

0 0 50 0 0 0
t t

(a) (b)
Figure 12. Real and predicted curves and APE values. (a) Real and predicted curves. (b) APE values.

In addition to APE values, we also calculate the root-mean-square error (RMSE) in
order to have one more performance measure of the predictions, given by

14 . z
RMSE = X 2 (y(n+1)t - y(n+1)t> ’
t=1

where y(,11); is the value generated for the t-th time instant of the (7 + 1)-th day, and
yA(n 1)t is the respective predicted value, for t = 1, ..., k. The RMSE value obtained was
0.2021, that is, similar to the APE values, the RMSE value also indicates that the predicted
values are satisfactorily close to the generated values.

In order to avoid restricting the model to the results of just one artificial dataset, we
repeat the second simulation study M = 100 times and calculate the percentage of times
that the real curve for the (n + 1)th day is completely inside the prediction band of 95%
and the average of the APE and RMSE values. Overall, in 96% of simulated cases, the real
curve of Cy,11f(t) is completely inside the posterior prediction band, the average of the
MAPE values is 0.9550, and the average of the RMSE values is 0.1534. Figure 13 shows
the APE and RMSE values for the M = 100 simulations. Note that both results show a
very satisfactory performance of the proposed method. As an illustration of the predictions
results, Figure 14 shows the predicted curve with a 95% posterior prediction band (red
region) and the real curve for the 18th and 27th simulations. For these two simulations, the
MAPE values were 0.6115 and 4.0017, respectively; and the RMSE values were 0.0622 and
0.4996, respectively.
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Measure == APE == RMSE

Values

Figure 13. APE and RMSE values.

Curve — Prediction — Real Curve — Prediction — Real

1(tl )
1(tlas, a2, @)

50 0 10 2
t t

(a) (b)
Figure 14. Real and predicted curves for the 18th and 27th simulations. (a) 18th. (b) 27th.

4. Application

We now apply the proposed approach to the real dataset described in Section 2. For
this application, we use the same hyperparameter values and the same L, B, and | values
used in the two simulation studies. Additionally, we use n = 4, i.e., we apply the proposed
approach for estimating the curve of f(t) using the dataset of four days, and then we predict
the curve for the (n + 1)th day. This procedure was applied for the data recorded over the
first 19 days of the experiment, always using a window of 4 days, to obtain the estimated
curve of f(t) and to predict the curve for the (n + 1)th day. Thus, overall, 15 analyses were
carried out with predictions for days 5 to 19.

Our first application considers the recorded data on the first four days of the ex-
periment to estimate the curve of f(t), and then we predict the curve for the fifth day
(n+1 = 5). Figure 15a shows the average values recorded in the first four days (symbols e),
the estimated curve of f(f) (red line) and a 95% credibility band (red region). Figure 15b
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shows APE values for comparison between y and the estimated values § = (71, ..., 7x).
The MAPE value is 0.2590. These results shows that the estimated values are very close
to the recorded average values. In other words, the proposed approach presented a very
satisfactory performance in estimating the average values recorded over the first four days
on which the experiment was carried out.

Table 4 shows MAPE and RMSE values for the 15 analyses. MAPE values range from
a minimum of 0.0095 for day 13 to a maximum of 0.5360 for day 11, with an average value
of 0.2349. RMSE values range from 0.0011 for day 13 to a maximum of 0.0612 for day 11,
with an average value of 0.0265. As one can see, all MAPE and RMSE values are near zero,
indicating that the estimated values ¥ are close to the recorded ¥y for the 15 analyses.

Table 4. MAPE and RMSE values for analyses 1 to 15.

Analysis MAPE RMSE Analysis MAPE RMSE Analysis MAPE RMSE
1 0.2590 0.0292 6 0.2038 0.0228 11 0.5360 0.0612
2 0.1395 0.0155 7 0.3670 0.0393 12 0.1815 0.0208
3 0.0500 0.0061 8 0.2378 0.0273 13 0.0095 0.0011
4 0.0753 0.0085 9 0.2157 0.0243 14 0.3445 0.0394
5 0.3996 0.0450 10 0.4903 0.0542 15 0.0146 0.0017
(a) (b)

Figure 15. Estimated curve of f(t) and APE(e) values. (a) Estimated curve of f(t). (b) APE(e) values.

Table 5 shows MAPE and RMSE values for the 15 predictions. As one can note, MAPE
values vary from a minimum of 0.3344 for day 19 to a maximum of 7.1648 for day 13. The
average value of MAPE over the 15 days was 2.5719. Similarly, RMSE values range from
0.0382 for day 19 to a maximum of 0.7410 for day 13, with an average value of 0.2895.

Overall, these results show that the predicted values ﬁred are close to the recorded values
yi, fori=5,...,19.

As an illustration of the good performance of the proposed approach in predictions,
Figure 16 shows the recorded values (symbols ), the predicted curve (red line), and a 95%
prediction credibility band (red region) for the recorded values on days 9 and 19, which are
the two days with the smallest MAPE and RMSE values. Figure 17 shows the prediction
results for days 13 and 14, which are the two days with the greatest MAPE and RMSE
values. Although predictions for days 13 and 14 present the two highest MAPE values,
most of the recorded values are inside the 95% prediction credibility band. Overall, the
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proposed approach presented very satisfactory performance, as indicated by the small
MAPE and RMSE values.

Table 5. MAPE and RMSE values for the predictions for days 5 to 19.

Day MAPE RMSE Day MAPE RMSE Day MAPE RMSE
5 2.8659 0.3180 10 2.8855 0.3323 15 0.6193 0.07321
6 2.3021 0.2628 11 5.1500 0.5780 16 0.5880 0.0677
7 5.1190 0.5321 12 3.6303 0.4415 17 0.5753 0.0786
8 1.0693 0.1222 13 7.1648 0.7410 18 0.7374 0.1128
9 0.3507 0.0409 14 5.1875 0.6027 19 0.3344 0.0382

@) (b)

Figure 16. Recorded and predicted values for days 9 and 19. (a) Day 9. (b) Day 19.

100~

H(tla, az

(@) (b)
Figure 17. Recorded and predicted values for days 13 and 14. (a) Day 13. (b) Day 14.

5. Final Remarks

In this paper, we propose a Bayesian approach for modeling and forecasting photo-
voltaic solar power generation. For this, we assume that the growth curve of the generated
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power over the time of day is proportional to an average curve whose associated function
is denoted by f(t). However, instead of taking a parametric approach by setting up f(t) as
a known mathematical function, we assume that f(t) is an unknown function, but with
the vector of values f(t) = (f(1),..., f(k)) generated a priori from a Gaussian process. To
perform inference for the parameters of interest 8, we use a Gibbs sampling algorithm.

The good performance of the proposed approach and its four advantages as described
in Section 1 were illustrated by means of two simulation studies and an application to a real
dataset. The results obtained show that the proposed approach is an efficient alternative
for modeling the solar power generated on the days considered in the study and also for
forecasting next-day solar power generation.

From a practical point of view, the results show that the proposed modeling and the
estimation procedure were very accurate in predicting energy generation for the next day.
Although the proposed approach has been described as forecasting the growth curve for
the next day, it can also be used to forecast power generation for short intervals, such as
hourly power generation. An extension of the approach presented here is the inclusion of
explanatory variables in the modeling since power generation is influenced by environ-
mental variables such as temperature and irradiance. All computational implementations
were carried out using the R software [19], and the code can be obtained by e-mailing
the authors.
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