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ABSTRACT 

In this paper, we present conditions on the likelihood func- 

tion and on the prior distribution which permit us to assess the 

effect of the sample on the posterior distribution. Our work is 

inspired by Whitt (1979) J. Amer. Statist. Assoc. 74, and is based 
on the notions of multivariate totally positive and (strongly) mul- 

tivariate reverse rule functions introduced and studied by Karlin 

and Rinott (l98Oa, b) . 

1. INTRODUCTION - 
As usual, 8 is the parameter of interest and 5 is the data on 

which the inference about & is based. The Bayesian operation (prior 

1757 
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FAHMY ET AL. 

t o  p o s t e r i o r )  s u p p l i e s  t h e  answer t o  t h e  q u e s t i o n  o f  how t o  u s e  t h e  

in format ion  (about  8) provided  by t h e  d a t a ,  x. Here,  a t t e n t i o n  i s  

s h i f t e d  t o  a n o t h e r  g e n e r a l  q u e s t i o n :  What kind o f  in format ion  about  

0 does t h e  sample p o s s e s s ?  - 
Whitt (1973) shows t h a t  i n  a  Bayesian a ~ ~ a l ~ s i ' s ,  under  c e r t a i n  

g e n e r a l  c o n d i t i o n s ,  t h e  l a r g e r  t h e  o b s e r v a t i o n s ,  t h e  l a r g e r  ( o r  

s m a l l e r  i n  a  r e p a r a m e t r i z a t i o n )  s t o c l i a s t i c a l l y  w i l l  be t h e  appro-  

p r i a t e  parameter  o f  t h e  p o s t e r i o r  d i s t r i b u t i o n .  I i is  i n t e r e s t i n g  r e -  

s u l t s  a r e  developed f o r  t h e  c a s e  o f  a  u n i v a r i a t e  parameter ,  mainly 

i n  t h e  hypergeometr ic  d i s t r i b u t i o n .  In t h e  p r e s e n t  p a p e r ,  i t  is 

shown t h a t  W h i t t ' s  key i d e a s  may be  extended t o  t h e  c a s e  o f  m u l t i -  

v a r i a t e  d i s t r i b u t i o n s  w i t h  m u l t i v a r i a t e  parameters .  The b a s j  c  no- 

t i o n s  used h e r e  a r e  m u l t i v a r i a t e  t o t a l  p o s i t i v i t y  o f  o r d e r  2, and 

m u l t i v a r i a t e  r e v e r s e  r u l e  o f  o r d e r  2 ,  i n t r o d u c e d  and s t u d i e d  by 

K a r l i n  and R i n o t t  (1980a. b ) .  These concepts  a r e  b r i e f l y  d e s c r i b e d  

i n  S e c t i o n  2. 

S e c t i o n  3 p r e s e n t s  s u f f i c i e n t  c o n d i t i o n s  on t h e  l i k e l i h o o d  func-  

t i o n  and on t h e  p r i o r  d i s t r i b u t i o n  under  which 0 t h e  i - t h  compo- i '  
nen t  o f  8 i n  t h e  p o s t e r i o r  d i s t r i b u t i o n ,  be  i n c r e a s i n g  i n  x t h e  

i 
i-tli component o f  5 and d e c r e a s i n g  i n  x f o r  j + i .  In  S e c t i o n  4 ,  

j 
t h e s e  r e s u l t s  a r e  a p p l i e d  t o  some w e l l  inown d i s t r i b u t i o n s .  

2 .  PRELIMINARIES 

In t h i s  s e c t i o n  we p r e s e n t  d e f i n i t i o n s ,  n o t a t i o n ,  and b a s i c  

f a c t s  used th roughout  t h e  paper .  

D e f i n i t i o n  1. A random v e c t o r  5 i s  s a i d  t o  be  s t o c h a s ~ i c a l l y  i n -  --- 
creasing_i_n a  random v e c t o r  y i f  E($(5)IY) i s  i n c r e a s i n g  i n  41 f o r  -- 
every  i n c r e a s i n g  bounded r e a l  f u n c t i o n  4 .  (A fun-ction 4 :  R~ + R 
i s  s a i d  t o  be  i n c r e a s i n g  i f  i t  i s  i n c r e a s i n g  i n  each o f  i t s  argu-  

ments. ) 

The f o l l o w i n g  concepts  o f  t o t a l  p o s i t i v i t y  o f  o r d e r  2 (TP2) , re -  

v e r s e  r u l e  o f  o r d e r  2 ( R R  ) ,  and P6lya frequency f u n c t i o n  o f  o r d e r  2 
2 (PF2) may b e  found i n  Kar l in  (1968).  

D e f i n i t i o n  2. (i) A nonnega t ive  r e a l  f u n c t i o n  f :  R~ + R i s  TP2 (RR2) -- 
i f  
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THE POSTERIOR DISTRIBUTION 

rhenever x '  2 x 
1 1 '  

and x i  r x 2 .  

( i i )  A nonnegative r e a l  function 6 :  R + R i s  PF2 i f  

The d e f i n i t i o n s  below appear i n  Karlin and Rinott  (1380a, b) 

For every x, y t R', denote: 

The following is the  n a t u r a l  gene ra l i za t ion  of  Def in i t ion  2 ( i ) :  

Def in i t ion  3. Consider a  nonnegative r e a l  funct ion f :  R~ + R .  We --. - 
say t h a t  f ( 9  is mul t iva r i a t e  t o t a l l y  p o s i t i v c p f  o rde r  2  o r  WP2 -------. 
(multivari?_te r eve r se  rule of  o rde r  2 o r  MRR2) i f :  

k 
f o r  every 5, y c R . 

Karlin and Rinot t  (1980a) show t h a t  MTPZ i s  a concept of  s t rong  

p o s i t i v e  dependence. They show, however, i n  t h e i r  second paper 

(1980b) t h a t  t h e  bWR2 property f a i l s  t o  be a  "goodD* concept o f  ne- 

ga t ive  dependence. In  t h e  same paper they so lve  t h e  problem by i n -  

troducing t h e  following d e f i n i t i o n .  For add i t iona l  i l l u s t r a t i o n  o f  

i t s  usefulness  we r e f e r  t o  Block, S a v i t s ,  and Shaked (1982). 

Let ( i l ,  ..., i k )  be any permutation o f  (1 ,  2, .. . , k) . .  

Def in i t ion  4.. 1111 MHR2 function f :  R~ + R is s a i d  t o  be s t rong ly -  

MRR (S-MRR ) i f  f o r  iny  s e t  of  k PF2 functions (cl. ... . L ~ ) ,  and 
2  2  

f o r  each j s k, t h e  funct ion 

i s  MRR whenever t h e  i n t e g r a l  e x i s t s .  2 
The mul t iva r i a t e  gene ra l i za t ion  of  t h e  f a m i l i a r  monotone l i k e -  

l ihood r a t i o  property is given by: 

Def in i t ion  5. Let f l  and f2 be two p robab i l i ty  dens i ty  o r  mass 
k  k  functions (p.d.f.) on R . If  f o r  every 5, y c R , 
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1760 FAHMY ET AL. 

f 2 ( x  - v Y)  - f l ( 5  " XI 2 f l ( 5 )  f2(?$ 

then  we say t h a t  f 2  is " l a r g e r  than" f l  i n  t h e  TP 2  s e n s e ,  and w r i t e  

f 2  > T P ~ ~ I .  

I t  i s  wcl l  known t h a t  t h e  monotone l i k e l i h o o d  r a t i o  o r d e r i n g  

i m p l i e s  s t o c h a s t i c  o r d e r i n g .  The fo l lowing  r e s u l t  is a  g e n e r a l i z a -  

t i o n  o f  t h i s  f a c t .  
k  

Theorem 1. Let f l  and f 2  be  two p . d . f . ' s  on R s u c h . t h a t  f 2  > TP2fl ,  

I f  4:  R~ + R i s  an i n c r e a s i n g  f u n c t i o n ,  then  

For  a  p roof  o f  t h i s  r e s u l t ,  s e e  K a r l i n  and R i n o t t  (1980a) .  

3 .  TIIEORETICAL RESULTS. 

In  t h e  s e q u e l ,  l e t  8 b e  a  parameter  t a k i n g  v a l u e s  i n  a  s u b s e t  
n  

( t h e  parameter  s p a c e )  o f  R ~ ,  and 5 R (n a k )  be  t h e  d a t a  v e c t o r .  

The l i k e l i h o o d  f u n c t i o n  o r  t h e  sample p . d . f .  is r e p r e s e n t e d  by 

f  (x(g. The p r i o r  and t h e  p o s t e r i o r  p . d . f .  Is a r e  denoted respec-  

t i v e l y  by S(g)  and ~*(glxJ. 

The fo l lowing  r e s u l t  i s  t h e  TP v e r s i o n  o f  Theorem 4 o f  Whit t  
2  

(1979). I n  t h e  above n o t a t i o n ,  suppose t h a t  k  = n  = 1, 8  denotes  

t h e  parameter ,  and x  denotes  t h e  d a t a .  

Theorem 2. Cons ider  f ( x I 8 )  and ~ * ( O l x )  a s  b i v a r i a t e  r e a l  f u n c t i o n s  

o f  8  and x.  Then f ( x ( 0 )  i s  TP2(RR2) i f  and on ly  i f  ~ ' ( 0 1 ~ )  i s  

TP2(RH2) 

Proof .  For  [ I I ( x ) ] - ~  = \ f ( x ( e ) [ ( e ) d e .  we n o t i c e  t h a t  - 

Theorem 2  mot iva tes  t h e  r e s u l t s  o f  t h i s  s e c t i o n .  

Let h: R~ -* R and g: R ~ + ~  + R be  two nonnega t ive  r e a l  func-  

. t i o n s .  

Theorem 3. Suppose t h a t  
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8 THE POSTERIOR D I S T R I B U T I O N  

f * ( ~ l x * )  > TP2 c*(elx) 
f o r  every 5, 5' E R" such t h a t  5. r 5. 
Proof. The p o s t e r i o r  p . d . f .  may be f ac to red  a s :  -- 

where 

Consider two sample po in t s  5' and 5 such t h a t  5' r x ,  and - 
denote 

Let 0 and 0' be two po in t s  i n  t h e  parameter space 0. dew, we - - 
can w r i t e  

Thus, i t  is equivalent  t o  say  t h a t  E l  > 5 O TP, 0'  
L 

Corol lary .  I f  cond i t ions  (a)  and (b) o f  Theorem 3 hold ,  then  i s  

s t o c h a s t i c a l l y  inc reas ing  i n  5. 
Proof. The r e s u l t  fol lows immediately from Theorems 1 and 3. 0 

In many cases ,  condi t ions  (a] and (b) o f  Theorem 3 a r e  t o o  

s t rong.  A more r e a l i s t i c  r e s u l t  i s  presented  below whero 5 i s  con- 

s ide rkd  t o  be  t h e  d a t a  reduced by s u f f i c i e n c y ,  and t o  have t h e  same 

dimension of 1; t h a t  is, n  = k .  

Let E: Rk + R, and pi: R* + R ( i  = 1. .... X )  be nonnegative 

funct ions  and represent  t h e  p o s t e r i o r  marginal p.d.f .  o f  e i  
( i  = 1 ,  ..., k) by C ~ ( O ~ ) X ) ,  

Theorem 4. Suppose t h a t  
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FAHMY ET AL. 

where, f o r  i = 1, ... , k ,  gi is  TP2. Then, f o r  every  i = 1, . .. , k, 
t h e  f o l l o w i n g  c o n d i t i o n  ( f o r  t h e  p o s t e r i o r  marg ina l  d e n s i t y  o f  B i )  

h o l d s :  

L 

f o r  5' equa l  t o  5 e x c e p t  f o r  t h e  i - t h  c o o r d i n a t e ,  where x:(> x . )  
1 1  

r e p l a c e s  xi.  

P roof .  Without l o s s  o f  g e n e r a l i t y  we assume i = 1. The p o s t e r i o r  

which is 

Cons ider  

k 
Gl(5, e l )  = /***fi(f) n gi (x i ,  e i l d e i ,  

i = 2  
c o n s t a n t  i n x  Thus, 1' 

c * ( e l l g  = H ( g g l ( x l ,  B1)Gl(5, e l l .  

two sample p o i n t s  t h a t  d i f f e r  o n l y  i n  t h e  f i r s t  c o o r d i -  

n a t e ,  s a y  . 

x r (x l ,  x2, ... , x k ) ,  and 5' = ( x i ,  xZ,  ..., x k ) ,  - 
where x ' 2  xl .  Define 

1 

Flo(O1) 

and 6 ~ l V l ~ = 6 ~ ~ ~ l ~ ~ ' ~  

S i n c e  by d e f i n i t i o n  

we t h u s  have 

which is i n c r e a s i n g  i n  0 by t h e  TP2 p r o p e r t y  of  g l .  Hence, 1 
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THE POSTERIOR DISTRIBUTION 1763 

Remark 1. Note t h a t  the  r e s u l t  i n  Theorem 4 pe r t a ins  t o  t h e  pos- 

t e r i o r  marginal p .d . f .  of 0 Also i t  holds i r r e spec t ive  of the  
i '  

choice c f  t h e  p r i o r  d i s t r i b u t i o n .  

Remark 2.  I t  follows from Theorems 1 and 4 t h a t  E(9(Bi) lX) is 

increas ing i n  x f o r  every increas ing r e a l  function 4 :  R + R. 
i 

In many app l i ca t ions ,  we noted t h a t  t h e  p o s t e r i o r  d i s t r i b u -  

t i o n  of 0. s t o c h a s t i c a l l y  decreases i n  x f o r  every j 1 i.  This 
1 j 

f a c t  i s  included i n  t h e  following r e s u l t .  

Theorem 5. Suppose t h a t  
k 

c * @ l g  = ~ r c g  n gi(xi ,  e i ) c ( ~ ) ,  
i = l  

where 

( i )  gi(xi ,  0 . )  is TP v i = 1 ,  ..., k, 
1 2 

( i i )  f o r  f ixed x i ( i  = 1. ..., k) ,  gi(xi ,  0 . )  i s  PF2(in Bi). 
1 

and ( i i i )  CQ), i s  S-MRR2. 

Then, f o r  every i = 1 ,  . .. , k ,  

4; (oi 15) > T P 2 ~ t  (ei 15') 

whenever 5' 2 5 and the  i - t h  coordinates of 5' and p a r e  equal;  

t h a t  is ,  x = x' and x r x' v j t i. (For k = 2, condition ( i i )  
i i j j 

is not  required. )  

Proof. Without l o s s  of genera l i ty  we assume i = 1, , - 

x- = (xl, x;, x3, . .., Xk), - 
where x i  > x2; t h a t  is ,  5 and 5' d i f f e r  only i n  t h e  second coordi-  

na te .  

(A) We consider  f i r s t  t h e  case o f  k > 2 ,  The p o s t e r i o r  margi- 

n a l  p .d . f .  of 0 i s  
1 

where 
k 

G(el. e2,  x,, ..., xk) = / * * * / ~ ( g '  P gi(xi ,  Bi)dBi. 
i = 3  

Since C(8) is S-MRR2 and gi (xi, Bi) i s  PF2 i n  Bi ,  it follows 
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1764 FAHMY ET AL. 

from D e f i n i t i o n  4 t h a t  G is RR i n  (0 e2)  f o r  every  f i x e d  
2 .  1' 

( x ~ S  . . S xk) ' 

By t h e  b a s i c  composi t ion formula ( K a r l i n  [1968]) and t h e  f a c t  

t h a t  g2(x2,  e2)  is TP2, it fo l lows  t h a t  

G1(B1l 9 ! / I ~ ~ ( ~ ~ P  e2)G(e1, X S p  * '  I xk)d02 

is RR2 i n  ( e l ,  x ) f o r  e v e r y  f i x e d  (x3. . . . , x k ) .  (Note t h a t  C1 
2 

is  c o n s t a n t  i n  x .) 
1 

As b e f o r e ,  l e t  

and n o t e  t h a t  

E l l l  WX*) G1(9,, 5-1 
FlocBI, = q 7 0 q - g -  

is d e c r e a s i n g  i n  B1 s i n c e  G is RR2 i n  (01, 
1 

x2) .  Ilence, 

50 ' T P ~ ~ L I .  

(B)  When k = 2 ,  from ( i i i ) ,  ~ ( 0 1 ,  e2) is RR2 and by t h e  b a s i c  

composi t ion formula ,  

is d e c r e a s i n g  i n  e l  and t h e  r e s u l t  fo l lows .  O 
Remark 3. Note t h a t  Theorem 5 i n v o l v e s  c o n d i t i o n s  on t h e  p r i o r  

d i s t r i b u t i o n .  

Remark 4. I t  f o l l o w s  from Theorems 1 and 5 t h a t  E ( $ ( e i ) l x )  is 

decr&sing  i n  x whevever j z i and 0 :  R + R i s  i n c r e a s i n g .  
1 

4. APPLICATIONS 

In  t h i s  s e c t i o n ,  we show how t h e  r e s u l t s  o f  S e c t i o n  3 app ly  t o  

some impor tan t  p r o b a b i l i t y  d i s t r i b u t i o n s .  

Example 1. M u l t i v a r i a t e  Normal D i s t r i b u t i o n .  Let - x be a k-dimen- 

s i o n a l  random v e c t o r  whose c o o r d i n a t e s ,  x i ( i  = 1, ..., k ) ,  a r e  inde-  
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THE POSTERIOR 3ISTRIBUTION 1765 

pendent. Suppose t h a t  f o r  i = 1,  . . . , k, Bi = E ~ X ~  1 is unknown.and 
-, 

o: = Varlx. i s  known. Then, whatever appropr i a t e  p r i o r  we choose, 
1 1 

Theorem 4 a p p l i e s ,  and by Remark 2,  E{@(ei)  1x1 is inc reas ing  i n  x  i 
f b r  every inc reas ing  r e a l  funct ion  4. 

Suppose t h a t  our  p r i o r  opinion about $ i s  represented  by a  non- 

s i n g u l a r  k-dimensional normal d i s t r i b u t i o n ,  with mean vec to r  )r and - - 1 
covariance matr ix  V , which i s  a conjugate  p r i o r .  Let v i j  

( i ,  j = 1,  . . . , k) be t h e  ( i ,  j ) - t h  element o f  V.  
I f  ' i j  ' O 

every i * j ,  then  &(%), t h e  p r i o r  p . d . f . ,  i s  MTP2 (Barlow and Pros- 

chan [1981]). Thus, Theorem 3 and i t s  c o r o l l a r y  apply y i e l d i n g  t h e  

conclusion t h a t  i s  s t o c h a s t i c a l l y  inc reas ing  i n  5. 
I f  t h e  p r i o r  & (2) is nega t ive ly  dependent i n  t h e  S-MRH sense .  

2 
then  Theorem 5 a p p l i e s ,  and by Remark 4 ,  f o r  every i 1. ..., k ,  

E { + ( B ~ ) ~ X }  - i s  decreas ing  i n  x .  ( v j  r i )  f o r  every inc reas ing  r e a l  
3 

funct ion  4. A normal p r i o r  is  S-MRR2 i f  

v - l  = D - aOa, 

I 
where D i s  a  p o s i t i v e  d e f i n i t e  diagonal  matr ix ,  say 

D = d i a g ( d l ,  .. . , dk)  wi th  di > 0, and a = ( a l ,  . . , , a k )  wi th  

2 0 and ~ ~ o j d ~ l  < 1 (Yar l in  and R ino t t  (1980bl o r  Block, S a v i t s ,  
i 

iind Shaked [1982]~ ;  In p a r t i c u l a r ,  i f  t h e  c o r r e l a t i o n  matr ix  f o r  

t h e  normal p r i o r  d i s t r i b u t i o n  is 

where p s 0 ,  then  t h e  p r i o r  p .d . f .  is S-MHR2. 0 

Example 2. M u l t i v a r i a t e  Bernoul l i  T r i a l s .  Let yl, y2, ... be 

a  sequence o f  i . i . d .  k-dimensional v e c t o r s  wi th  common multinomial  

d i s t r i b u t i o n  wi th  parameters n  = 1 and E =. (p l ,  . . . , pk) , where 

$pi = 1. That is ,  yl , r,. . . . a r c  independent and 

y.  1  ) i = 1 2,  . . Note t h a t  f o r  any f i n i t e  sequence 
-1 

q, . . . , &, t h e  vec to r  5 = I;Yi = ( x ~ ,  ..., x ) is a  s u f f i c i e n t  
k 

s t a t i s t i c  s i n c e  t h e  p r o b a b i l i t y  mass func t ion  o f  yl, ..., & is 
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1 
L =  n pi '(21 

i= 1 k 
whcre I(p) is  t h e  i n d i c a t o r  function of lipi = 1. Clear ly ,  

f ( z I ~ 1  h(5)l.. 
We n o t i c e  now t h a t  Theorem 4 app l i e s  s ince  pxi is TP2 i n  . 

i 
(xi  1 pi)  Hence, by Remark 2, f o r  i = 1 ,  . . . , k ,  E ( o ( ~ ~ )  ( 5 )  is 

increas ing i n  x f o r  every increas ing r e a l  function 4. 
i 

Suppose t h a t  a Di r i ch le t  d i s t r i b u t i o n  withnparameters each no 

smal ler  than uni ty  i s  chosen t o  represent  our  p r i o r  opinion about 

E. With t h i s  choice,  t h e  p r i o r  p.d.f .  f o r  E i s  S-MRR2 (see  Karlin 

and Rinott  [1980b] o r  Block, S a v i t s ,  and Shaked [1982]). Thus, 
X 
i 

s ince  p i s  PF2 in  p . ( i  - 1 ,  ..., k ) ,  Theorem 5 app l i e s  and by Re- 
i 1 

mark 4 ,  f o r  i = 1 ,  . . . , k, EI$(pi) l x )  is decreasing i n  x whenever 
j 

. j  t i and + increas ing.  U 

Remark 5. Note t h a t  Example 2 includes both t h e  mht inomial  and 

t h e  negative mul.tinomia1 models. 

Example 3. Mu1 t i v a ~ k t e  tlypergeomet* Dis t r ibu t ion .  The probabi - - 
l i t y  mass function i n  t h i s  case may be expressed as 

k 
where 1 (c) is  t h e  ind ica to r  function of Ilei = N .   gain, Theorem 

e 
4 app l i e s  s i n c e  ( x i )  is TP Thus, f o r  i = 1 ,  2 ,  .. . , k, 

i 2' 

E { $ ( B ~ ) ~ ~ I  is increas ing i n  xi whenever $ i s  an increas ing funct ion.  

Suppose t h a t  a Dirichlet-Multinomial d i s t r i b u t i o n  [denoted by 

DM(n; 9 1  with shape parameters. a i l s ,  each no smal ler  than un i ty  

i s  choscn t o  represent  our  opinion about 8. In addi t ion ,  note  t h a t  
e 

is PF in O i  f o r  every f ixed X i .  Thus, Theorem 5 and Remark 
i 2 

4 apply. To conclude t h i s  example, r e c a l l  t h a t  t h e  p o s t e r i o r  

d i s t r i b u t i o n  of  - 8 - 5 (the  unsampled population) i s  

DM(N; a l  + x l ,  ..., ak  + x ) whose component means a r e  given by k 
- 1 

( ( a  + ) (ai  + x . )  f o r  i = 1,  . . . , k .  Thus, f o r  every 
1 
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Itel~lark 6. The above example may be' viewed a s  a  n a t u r a l  g e n e r a l i z a -  --- 
t i o n  o f  Theorems 2 and 3 o f  Whit t  (1979).  

Exayl~l. Uniform D i s t r i b u t i o n .  Suppose t h a t  t l ,  . . . , t i s  a - n 
random sample from a uniform d i s t r i b u t i o n  on t h e  r e a l  i n t e r v a l  

( e l ,  0 2 ) .  L e t ' ( x l ,  x2)  be t h e  u s u a l  s u f f i c i e n t  s t a t i s t i c ,  t h a t  i s ,  

x1 = m i n ( t l ,  ..., t k )  and x2 = m a x ( t l ,  ..., t k ) .  Suppose t h a t  a  

b i l a t e r a l  P a r e t o  d i s t r i b u t i o n  w i t h  parameter  ( r l ,  r2, a) r e p r e s e n t s  

o u r  p r i o r  o p i n i o n .  l l i s  d i s t r i b u t i o n  is  a c o n j u g a t e  p r i o r  f o r  t h e  

uniform d i s t r i b u t i o n  c a s e  (De Groot 119701, pp. 62-63 and pp. 172- 

174) .  The p r i o r  p . d . f .  i s  g iven  by 

wllcre a > 0 ,  r < r2, and 1 ( 8  9 ) i s  t h e  i n d i c a t o r  f u n c t i o n  o f  
1' 2 

9 < r and O 2  > r2. Tlic l i k e l i h o o d  f u n c t i o n  may b e  e x p r e s s e d  as: 1 1  

where I1 and I a r e  t h e  2 
r e s p e c t i v e l y .  S i n c e  I 1  
H H 2  f o r  b  > 9 ,  Theorcms 

and 4 ,  we conc lude  t h a t  

c r e a s e s  i n  x2 f o r  every  

s u l t  f o r  O 2  i s  obvious .  

i n d i c a t o r  f u n c t i o n s  o f  x > e l  and x2 < 0 1 2 
and I  a r e  TP f u n c t i o n s  and ( a 2  - a l ) - b  is 

2 2 
4 and 5 (k = 2) a p p l y .  Then by Remarks 2 

li(4 (a1) I (x l  , x ) 1 i n c r e a s e s  i n  x and de-  
2 1 

i n c r e a s i n g  f u n c t i o n  4 .  The ana logous  r c -  

U 

Example 5. ~e--&~~e",tt~l Family. T h i s  a p p l i c a t i o n  i s  o f  a  gen- 

e r a l  n a t u r e .  Cons ider  t h a t  t h e  d i s t r i b u t i o n  o f  5 b e l o n g s  t o  t h e  

e x p o n e n t i a l  f a m i l y .  With a  p r o p e r  r e p a r a m e t r i z a t i o n  wc may c o n s i -  

d e r  8 such t h a t  

S i n c e  e  ' ' is TP Theorem 4 a p p l i e s  and f o r  any i n c r e a s i n g  4 , 
2'  

~ { 4 ( a ~ l  Is) is i n c r e a s i n g  i n  x i .  With a  s u i t a b l e  c h o i c e  f o r  t h e  
p r i o r ,  Theorem 5 and Remark 4 app ly .  
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