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ABSTRACT 

Questions re1a.ted to lotteries are usually of interest to t,he public since 

people t,lliilk thest is a magic formula which will help them t.o win lot.tery 

draws. This note sl~o\vs lio\v to compute the expected \vait.ing time to olxerve 

specific uun1l)ess i l l  a sequence of lot.ter). draws and sllo\v that surprising facts 

are expected t.o occus. 

1. INTRODUCTION 

Copyright O 1992 by Marcel Dekker, Inc. 
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302 LEITE, PEREIRA, AND RODRIGUES 

.A gaml~ler I~e t s  a fisetl ilmou~lt ol' i~roirc>. orr a s d  of' ,1 nunrlm~s (among the 

A' lot.t,er!. nu~n l~e ra )  ( s ) l ~ e  has chosen. If thew are esact.1~. the same numl~ers 

selected 1)y the lott.ery house (s)he \viiis a pre~niunl. This premium depends 

on the number of 1)et.s aud on the nunher of winners. The lott.er!. liouse profit 

is a fisecl percentage of the money obtained from all bets. IS in a certain 

week there is no \vinller, the preiniunl accun~ula.t,es for the nest iofto-week. .4 

gambler ma): be willing to bet only in weeks with acculnulated premiums. (To 

elilninate from the study weeks \vhithout the game, we call lotto-weeks those 

in which the game was played.) 

After many weeks, a reporter realized that r numbers, among the A', had 

not been selected in previous lotto-weeks. He then asked the authors of the 

present report to calculate the expected number of lotto-weeks before all 1- 

remaining numbers are selected. 

The abo\.e cjues~ion is related t.o t , l~e fa.mous collector's problem (see Feller. 

196s and Jol lnso~~ k liotz. 1977). 11' a collect.or Ix~!.s his/her collect,ioll unit,s 

in boxes of I I  suclr units. one may ask "how Inan!. I~oses are expected to be 

bought by t.he collector in order to have his/her collection completed?" 

Anot,ller interesting situatiol~ is the captaure/reca.ptwe tagging process for 

animal popula.tions. Leite and Pereira (1985) discuss this model for t.he case 

where the sample size. 17 here. changes in ea.cli select,ion step (lotto-week here). 

To estimate t.lie size. lY, of the populat.io~l ( i l l  tlw pwen t  repor( .K is k n o \ ~ n ) .  

one needs to record. i n  each step. the recaptu~cs: i.e.. t.lw ~ ~ u l n b e r  of' anilna.1~ 

that have been already captured and tagged i n  earlier steps. In this way! one 

learns how man?; distinct animals have been selected in the process of tagging. 

2. DISTRIBUTION OF THE NUMBER OF UNSELECTED UNITS 

Let. R k  cleno~rr tht. ~rumlxr  of units that ha\.(: 1101 1)eelr selected i l l  1. conse- 

cut.ive lotfo-weelis. After recordillg the 1.  numbers that have not been selected 

in the k consecutive loifo-\wel;s d e ~ ~ o t ~ e  by %. the number of consecutive lotto- 

weelis before all v nunhers are selected. The pro1~al)ilit.y distribut,ions of' these 

quant.ities are given in the follo\ving lelnlna: 
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EXHAUSTING LOTTERY NUMBERS 303 

Lemma 1. 
(.Y-,,\ 

(i) Pr{Rk = r )  = pr(k7 12, .A' 

Proof. 
Let Aij be the event "number i was not selected i n  t . 1 ~  j-t11 lotto-week." 

Hence, Bik = ,4;1 n n . . . n Aik is the e\:ent "lrunil,er i was not selected in 

k consecutive Iolio-weeks". Since the nu~nhers are eschangeahle. without loss 

1 
Pr(BiknBjk)  = P$': for I < i < j 5 T !  and so on up to P r (BlknBzkn .  . . n B r k )  = 

Now we note the following interesting facts: a )  The event {Rk = 0) is the 
ri 

event IU Bik}'. where e indicates complemnent, and b) the event {T, > b )  is 
1=1 

Pr{Rk = 0) = ( A .  1 )  = 1 - r l i - I  (':)p! = 
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304 LEITE, PEREIRA, AND RODRIGUES 

To conclutlc ( i i ' )  we onl!. recall that Pr{T,. = k )  = Pr{7:. > X. - I )  - 

Ps{T:. > A,) .  Fiiii~lly. iiotice t,llat p o ( k .  I ? .  :Y - 1 . )  is the l~rol~al~i l i ty  d1a.t .'exactl\. 

r specified numbers were selected in none of the k consecutive lotteweeks." 

Since there are (r) ways of selecting r numbers from the N lottery ones, we 

finally have t11a.t p, . (k ,  n, A') = po(b,  7 1 ,  N - I . )  : which is positive only for ( -: ) 
At - I I I ~ I I { ~ I ~ ,  A'} 5 1. 5 A' - 7.. Replacing the appropriate expressions in this 

last equality we obhin (i), concluding the proof. 0 

The above result shows that, the probabilit~. funct.ion of T, is a linear 

combination of 1% geometric probabilit~~ funct~ioils. Hence a moment of T,. is 

also a linear combinat.ion of' t . 1 ~  correspo~icling n~omant .~  of 7- geornet,ric clistri- 

l)ut.ioi~s. Recall tllat t . 1 ~ 1  first. and seco~itl nlo1lic.nt.s of' a geometric distri1)ution 

with parameter (I arc. respectively, q-' and ( 2  - (I)(/-'. The follo\ving result is 

then straiglltfoiward. 

Lemma 2. 
tV:') 

For p, = - , we 11 a ve 
(" ) 

3. ALTERNATIVE EXPRESSIONS FOR THE DISTRIBUTION, 
THE MEAN, AND THE VARIANCE OF TN 

111 this section \w use tllc tlistr~~ilx~tioii of' ItA to obtaiii alternative es-  

pressions f o ~  the distril~~itioii. tlic mean. and tllr variance of T = Tn;. Kote 

that  the event { T  = f } is equivalellt to the event {R,-l > 0} n { Rt = 0).  The 

prol~alilit!. function may also Ile espressed as follows: 
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EXHAUSTING LOTTERY NUMBERS 305 

(:I:) 
Note now that Pr{Rt = 0} = po(t ,n,  !V), Pr{RI = OJRt-l = i) = - 

(N) ' 
and Pr{Rt_] = 1.1 is given by Lemma 1. After some simplifications, we obtain, 

for nl 2 N + 1 1 ,  

and 

Before using this expression 1.0 compute t.11e nmin and the variance of 

T, we present the folloi~iag result,. Let 6 = [XI. the large9 integer that is 
,j,: 

smaller t,han or eclual 1.0 1. 
11 

Le~uina 3. 
,S 

(Y) Mean: 11 = E { T )  = b + C P Y { T  > 1 )  alitl 
r=6 

(vi) Variance: u2 = ( p  - b)(b + 1 - p )  + 2 

Proof. 
( I . )  11 = Cz,, t h { T  = I }  = x ' z , ( b  + j )Pr{T = b + i )  = 

b Cz0 Pr{T = b + i }  + Ccl iPr{T = b -+ i } .  Soticing t11a.t the first term is 6 

and rearranging the sr.concl t.erm: we ohain  the result,. 

(vi) E{T2} = t V r { T  = I }  = h2 Zzb Pr{T = I}+ 

[ ( b +  1)2 - b2] CZb+, Pr{T = f )  + . . . + [k2 - ( k  - I ) ~ ]  CEk Pr{T = 2) + . . . = 

b2 + C E b [ ( t  + - tZ]Pr{T > t} = b2 + C E 6 ( 2 1  + l )Pr{T > t }  = 

b2 + C E b [ 2 b  + 1 + 2 ( t  - b)]Pr{T > 2 )  = b2 + ( 2 b  + 1 )  CEb Pr{T > i ) +  

'ScjlOll. \ye 2 Czo iPr{T > b+ i ) .  Finall!., rearranging t.hc last sum of this esprr  ... ' 

obtain 

The coi~clusion now is straigl~tforwa~xl. o 
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LEITE, PEREIRA, AND RODRIGUES 

TABLE l 
Mean and standard deviation of Ti. pi is the probability of 

drawing a number not equal to i specified numbers 

13363811 

8.3333 
12.2760 
14.91 17 
16.8883 
15.4696 
19.787:3 
20.9168 
21.90.51 
!2.783(i 
23.5742 
24.2930 
24.9519 
25.5600 
26.1248 
26.6519 
27.1400 
27.61 11  
28.050.1 
28.4665 
28.8618 
29.2383 
29.59 77 
29.94 l-l 
30.2709 
30.5871 

mean 

30.S91r! 
31.1841 
31.4664 
31.7391 
$2.0026 
32.2577 
32.5047 
32.7443 
32.9769 
3:3.2028 
33.1224 
33.6361 
33.8441 
34.0469 
:34.244.5 
34.4:374 
:3-l.(i25i 
34.8094 
34.9889 
35.1649 
35.3389 
35.5057 
3.5.679s 
35,8234 
:36.0194 
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EXHAUSTING LOTTERY NUMBERS 

FIGURE 1 

Proba.bilit,y function of T = T50 

To obta.in the meao and the varia.nce of T we can apply to the above 

result both the formula of Pr{T > t )  presented in this section and the one 

obta.ined from Sect,io~~ 2. \l'e obtain the follo\ving surprising equalities: 

and 

In the nest, section we a.pply these formulas in the p a ~ t i c u l a ~  ca.se of the 

Brazilian lottery. 
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308 LEITE, PEREIRA, AND RODRIGUES 

0 2 0 4 0 60  8 0 100 
t 

FIGURE 2 

Prolxil)ilit!~ functions 01' T6 and T50 

4. CASE OF N = 50 AND 11 = 6 

In this sectioll we discuss the case of' tile Brazilian lottery called "Sel~a". 

In this case t,l.re lot.tery house belongs t.o the go\~r i lmel~t  ancl there are different 

kinds of winnings. However the drawing proctlure is exa.ctl! as described in 

the present report. Here .2' = 50 antl 7? = 6.  The questions of interest. are 

also related with the waiting time to special numbers to be drawn for the first 

time. 

Table I presents the espectat.ion and the standard devia.tion of the \vai- 

ting time t.0 o l ~ s e s ~ e  j(= 1.2. . . . ,SO) specified numbers: in the "Sena". For 

example. if' j = 1 theu, 11 = 8.33 ant1 u = i.S.2. On the ot.hes hand. if' j = .50 

then, / I  = 36.02 antl a = 9.67. Figwe I shows the prol~al~ility dist.ributioi~ of 

T = TsO! the wait.ing tiim to a.11 50 ilurnbei.~ being selecbeci. Figure 2 psesenbs 
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EXHAUSTING LO'ITERY NUMBERS 

TABLE I1 
Number of the draw that, nuinbcr I has occurred 

bot.11 the psol)al>ilit\: tlist.ributioii of T s ~  and t,l~at of' &. X0t.e that t,lie mode 

of this prol)al~ility f~ulct.ion is in T = 3 1  wl~ere Pr{T = 31) = 0.0491. .41so, 

for j = G! we observe that t . 1 ~  mode of T ,  is in T6 = 1.5 where Pr{T6 = 15) = 
0.0519. 111 t.he sinlple case of j = J .  \\liere we 1ia1.e a geomehic tlisiril>ution. 

the mock is clearl!. i l l  1; = 1.   lier re Pr{T1 = I } = 1 - p1 = 0.12. For. space 

reasons, we did not present here the distributions of all possible j's. We believe 

however tha.t the distributions of T = T5,, and of Tg give a good idea, of all 

those distibutions. 

Observing the results of the Brazilia.11 lottery, "Sena", we may conclude 

that what was observed is not susprising. For each of the possible numbers, i ,  

Ta.hle I1 presents the nulnber of the Sma's d ~ a w  (number of the Sena-week) in 

which i occurs for the first t,ilne. It is int,erest,ing to note that nunher 16 was 

drawn for t.he first t , im~'  i n  t.he 20th clraw and. after t,he other 49 numbers had 
occurred, we had  1.0 \\\.ail. 9 \veeks t.o obtain numl~er 16. \Vr olxerve also that. 

the number of weeks we waited to have all 50 numbers drawn was 29, which 

is smaller than the expect,a.t.ion of T, 36.01. That. explains why some number 

ha.s to wait. long to be drawn. The reporter int.erested in the lottery results 

asked for an int,er\:iew with the a.ut11ors imn~ecliately after the 13th \\\.eeli. ,At 

tha.t time? only 6 nunhess liatl 1101 I ~ e e l ~  c1ra.u.11 I)ef'o~.e. These (i numl~ers were 

drawn within the 14th t.o t.Iw Byl \\\.eelis. l"11at is. s t a r t i ~ ~ g  the process in t . 1 ~  
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3 10 LEITE, PEREIRA, AND RODRIGUES 

14th week, the \.due ol)ser\.etl for 1; was 2'; = 1.5 \vliich is the mode of the 

distribution of 1;. 
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