
Proceedings of the

First B ra zilian C onferenc e
on Statistical Modelling

in Insurance and Finance

Ubatubao September I-6,, 2003

Jan Dhaene, Nikolai Kolev and Pedro Morettin
(Editors)



Institute of Mathematics and Statistics

University of São Paulo

Proceedings of the

First Brazilian Conference

on Statistical Modelling

in Insurance and Finance

Jan Dhaene, Nikolai Kolev and Pedro Morettin

(Editors)

São Paulo. 2003



Editors

Jan Dhaene
Actuarial Science
K.U.Leuven
Naamsestraat 69
8-3000 Leuven

Nikolai Kolev
Department of Statistics
Institute of Mathematics and Statistics

University of São PauÌo
Rua do Matão 1010
05508-090 - São Paulo

Pedro Morettin
Department of Statistics
Institute of Mathematics and Statistics

University of São Paulo
Rua do Matão 1010
05508-090 - São Paulo

rsBN 85-88697-03-3
o 2003 Institute of Mathematics and statistics at the university of são Paulo
Printed in Brazil

All rights reserved. This work may not be translated or copied in whole or in

part withoui the written permission of the publisher (Institute of Mathematics

and Statistics, University of São Paulo, Rua do Matão i010, 05508-090 - São

Paulo, SP, Brazil).

Sponsors

CAPES, FAPESP, FAPERJ, ETAPA, Quality Previdência

KathoÌieke Universiteit Leuven

University of São Paulo
- Office of the Rector
- Institute of Mathematics and Statistics
- Department of Statistics



A Model fon Defined Benefit Plans

Carlos Pereira, Fabio Nakano and Julio M. Stern

Department of Statistics, University of São PauÌo
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L Introduction

We describe a software system the analysis of cash flows d.ue to pension plans (PP) in

Brazil. Many of the existing pension funds are of defrnecì benefits (DB) type, where

the retired member or his surviving dependents receive a lifelong monthly income.

The subjacent stochastic process is modeied as a branching process driven by several

time dependent hazard rates. The expected cash flows are computed by recursive

functions describing the branching process, so avoiding several approximations used

in standa.rd actuarial methods. These recursive functions also give a clirect caiculation

of the cash flow's variance and other statistics'

2 The basic model

The main benefit for a DB PP (defined benefit pension plan) member is a lifeiong

retirement monthly income. Prior to his retirement a member is named active. The

retirement income is a function of the active mernberts past incornes or contributions

(ex. last periods average). The active member makes contributions to the pension

plan, and these contributions can be complemented by contributions from a sponsor

(ex. employer or government). An active member will become inactive wherr retired,

at a maturity time, or ea.rlier if disabled {ex. injury or disease). An active member

can also withdraw from the PP.
The member may have dependents (usuaily his family) entitled to a pension

monthiy income after the member's death. Dependents may be permanent, who

will receive a lifelong pension (ex, wife/widow, disabled children), or ternporary, who

wiiì receive the pension for a limited time (ex. normal chiÌdren up to maturity age of

21). Each dependent's pension is a fraction of the member's retirement income. An

additional one time (Ìump sum) death assistance may also be available to the family.

severai constraints and corrections, e.g. Borch (1992), Bowers et a/. (i997),

Daykin et a/, (1994), Panjer and willmot (1992), increase the compiexity of this

basic model, for example:
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- The retirement, and all other benefits defined by it, may be corrected by a long

term inflation index, or may be adjusted by the income of an active member of the

same status of the retired one.
- The retirement maturity time may be based the member's age and empÌoyment

time, and also on the PP rules and government regulations, both changing over time'

- The members may receive a basic government retirement, being the PP obligation

to suppìement it up to the PP's DBs'
- Chunglog socìai habits and legal definitions may change the status of entitled

dependents (ex. mistresses and out of wediock children)'
- Withdrawing members may claim his (or also the sponsor's) contributions cor-

rected by inflation or financial investment indices'

3 Graphs and recursive formulation

A branching process is described by a graph, where each vertex (or node) corresponds

to a state, ur,d 
"u"h 

arch (or edge) con:recting two vertices corresponds to a possible

state transition. In the actuarial Processes we ale studying. a staie is characterized

by the member's age, time of employmeni, salary, famiÌy, etc. A tra,nsition is charac-

tãrized by its probability, as well as by the benefits and contributions the transition

impÌies. 
-us,rally 

it is convenient to give the benefits and contributions values as

fra.tions of the main benefit (retirement), or some other adimensional unit.

The expected vaiue of a member's random variabÌe (ex. benefits or contributions)

at a given period, is its proba,bility weighted. sum of the random variable's vaìue at alÌ

porrúI" transitions at that period: E(X(t\) : LiçYQ Pr(j) * r(j)' where I4l is the

set of all possible transitions, o(j) the random variable value at that transition, and

pr(j) the transition's probabiliiy. That random variable expected (cash) flow is the

urrày of its expected values in the future (subsequent periods, usuaÌly years). The

graph d"rcription of the branching proce$ses gives a recursive algorithmic formulation

for the computation of all these cash flows'

S.L Retired member graph

A retired member state has its age, benefits, and list of dependents' Let us assume

that a retired mernber has at most one Permanent dependent (wifE)' If the member

and his wife are both aÌive at time t, the member wiil be, at time t * 1, in one of

four possible states, depending on his ancl his wife survival or not: Let the tetired

m"mt"r', and his wife's ages be (c, y) at time t. He can reach at time t*l the states

(r  i l ,y*  1) ,  (c  + 1, - ) ,  ( - ,y  + 1) ,  ( - ' - ) ,  where the t i lde ( - )  means death '  The

irobuUiiity of"u.h of the four transitions are given by the force of mortality, h(a), at

the respective ages:

P r ( t , ( r , y ) , ( x  * 1 , y  *  1 ) )  =  ( l  -  à ( r ) )  *  ( r  -  h ( v ) ) ,
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Pr ( t , , ( x , v ) ,@ *  1 ,  - ) )  =  ( i  -  à (e ) )  *  h ( i l ,

P r ( t , ( a , y ) , ( - , y  +  1 ) )  :  h ( r )  ' ,  ( l  -  h ( y ) ) ,

P r ( t , ( a , y ) , { - , - ) ) :  h ( r )  *  h ( y ) .

A retired member Ìeaves the system (PP) when aÌl cash flows by him generated
cease to exist, possibly iong after his oir-n death. The leaves of the retired member
branching tree are the terminal state (-,-). Temporary dependents (children) are
supposed to always (deterministicaÌÌy) survive up to matr:rity age.

As v''e have mentioned in section 2, multiple permanent dependents may occur.
One possibility would be to incorporate the multiple permanent depencients directly
in the branching process, at a heavy computational cost. It so happens that the stan-
dard pension rules of DB PPs only üake into account the totai nurnber of dependent
survivors after the members death. This allows a significant simplification: We model
the perma.rnent dependent in the retirement branching process as a virtual permanent
dependent corresponding io the last surviving real permanent dependent. It is easy
to generalize the procedure to three or more permanent dependents. The cash flows
of permanent dependents deceasing earlier than ihe last survivor can then be modeled
as independent cash flows.

The precise modeling of the multiple permanent dependents effect has a significant
impact on those members'benefit's expected cash flows (typically B0%). Since this
situation is increasingly more frequent, such careful analysis is recommended.

3,2 Active member graph

An active member sate has its age, iime of membership, time of employment, edu-
cation, salary, etc. While active, it is hard to obtain a reliabie list of deperrdents,
so active members are assurned to have a standard famiÌy, based on statistical data
and the member's general profile. If a member is active at time t, with age a and
empÌoyment time e, he wiil reach at time t*1 one of four possible states, depending
on he still being in the PP, active, alive, and able. Death, disability, and withdrawal
are competing risks, with hazard functions (conditional on the non occurrence of the
preceding risks) À.d(a), hb(a) and hw(e). So the transition probabilities (except for
deterministic retirement at maturity) for death, disability, withdrawal, and remaining
active are, respectively:

hd(a) ,  hb(a) ,  hw(e)

and

i I  -  hd(a))  *  (1 -  Àó(a))  *  ( r  -  hut(e)) .

If the member withdraws he receives a lump sum based on his past contributions.
If he dies or becomes disabled, he prematurely (in comparison to maturity) enters
retirement. The active memb,er branching process is therefore lirnite<i to the main

:
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stem of surviving all risks, a structure resembling a "bamboo" more than a "tlee".

The bamboo leaves are the terminal withdralvaÌ state, or the root of a retirement

branching process.

4 Life tables and other adjustments

Life tabÌes: Force of mortality tables are available for several countries. The most

commonly used table in BraziÌ is EB-7. However, a specific population, like the

members of a given company or PP, can significantly depart from national averages.

For specific PPs, some with up to two hundred thousand members, we had the need

to adjust these tables.
We used a polynomial GtvIDH model (Group Methocl Data Handling) using the

available tables (prior information) and the PP population histotic (observed and

censored deaths), e.g. Farlow (1984). The GMDH polynomial models have variable

complexity and'several parameters. The best model was automatically selected by

an heuristic search contiolled by the PSE criterion (Predicted Squared Error). The

pSE criterion's objective is to minimize errors on yet unobserved data, compromising

training data error and an overfit penaity. The final model was vaÌidated using

.o*pui", intensive statistical resampling methods, e'g' Good (1999)'

FractionaÌ Age Correction: WhiÌe modeling a transition between consecutive pe-

riods, from t to t+1 (depending on how de model is implemented) unrealistic as-

sumptions may be introduced, for example: A death transition may impiy that the

member dies at the very first (or very Ìast) month of the year, To correct such a

boolean (0-1) dichotomy, we may assume ihat the death occurs at the middle month,

and use a coirection factor 6f 12 : l12, or that the death occurs at the middle day of

the middle month, and use a correction factor (6+1/2)11,2 = 13f 24, and so on. These

correction factors are called fractional corrections (or discretization corrections), e.g.

Farlow (1984). Their impact on the final calculations is usually small, but they are

important to preserve model consistency'

Income Giowth: An active member income (or saÌary), the basis for his benefits,

is supposed to evolve with his professionaÌ Ìife. The income uzually increases over

time, tut such increase has a saturation effect. Several models adjust well to this

situation, e.g. Pascual (1990), like the Modified exponential, Gompertz and Logistic

(Pearl) models:

M ( t ) = a - b * e a p ( - c * t i .

G(ú) = exp(a - b * exP(-c * t)),

L ( t )  =  a l Q  + b *  e x p ( - c * t ) )
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5 Implementation

The calculation engine was impÌemented in pÌain ANSI-C programming Ìanguage, in
crder to obtain a carefuÌly optimized code. Intermediate lookup tables .oorid".ubly
speed up the computation of a PP many mernbers cash flows. A pp with a population
of 100.000 members takes about 3 hours of processing time on a Fentium T11MH1
machine (MSWindows cr Linux).

' A GUI (Graphical User Interface), written in Delphi, provides an intuitive anci
easy to customize interface to the corporate user. A Delphi multi-platform data,
transfer interface downloads and updates the necessary data on a local database (ex.
AWK or Access) from the corporate environment (ex. DB2 on an IBM-AS-400),

The analysis and simulations made with the actuarial system are used as inputs
to the PP's financial portfolio rnanagement. Several optimization models, usualty
empÌoying dynamic and stochastic programming, are used with this objective, e.j.
Birge and Louveaux (7997), Kall e wallace (1994), Michaud (199g) and Stern anã
Vavasis (1994).
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