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ABSTRACT 

The Full Bay( ):;i(\ 11 Sigllificance Test (FHST) inl roduced in Pereira & Stem (I ()()()) 
is the Bayesinll a.lt.efl)cl,t,ivc t.o the tradiLiolJnl significance test based Oil p-vnJucs. 
The FI3ST is basecl on e-values which is also <1]) index that measures th(~ COllf>is
tency of till" dat a with t.he null sha.rp hypo! I \( )sis. This paver considers sLnpdmd 
situat.ions , for which the p-valucs m-(~ cokbrnl.ccl t.o compare t.he power of 1 iII' two 
significam:c tests. 
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1. INTRODUCTION 

Testing predse hypoLhesis is t.he problem discussed in Lhis paper. By precise hy
pothesis we understand a hypothesis t.ha.t. b(~longs 1.0 a subspace whose dimension 
is smaller than the dimension of t.he original parameter space. Berger & Selke 
(1 987) and Berger & Dclampady (J 9R7) suggest. that, when testing precise hy
pothesis, there exist,s a conflict among their (Uayesian) measure of condit,ioning 
evidence and the I)-value, the cI &:;si cal rnf)l:lsure of significance (or evidence). III 
fact they conclude that " p-values can be highly misleading measures of the ev
idence provided by the data against the null hypothesis". We believe: that the 
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int.roduction , in t.he prior distribution, of a positive probnl;ility to the precise hy
pothesis (a set of null L(obesgue measure) seems not appropriate and could be, as 
Lindley Paradox, (.11(> hear( of the conflict. The F'ull Ba.n~sian Significance Test 
(FBST) illtroduced by P( ~n~ird & Stern (1999) eVdJuatps clie evidence in favor of 
the hypothesis afLer comparing densit.ies of point.s insid(' the precise hypothesis 
wi th the ones in its complement. To Ilse the FBST t IWr<' is no need to introduce 
<1 positive probability for a set t.hat naturally bas null Ipbesgue measure. Using 
I his genuinely J3aY'csiall procedure we show that. ill mos1 standard cases p-value 
<Ire very closed to the vallws oht.itined by this evid(IJl<'(' lIW,\sur€. 

Our object.ive is to COlllpan\ t.hrough simulat.io]) slll<li('s. tl}(~ performance of the 
FHST with the classical standard procedure. 'vVf ~ <lioose :i simple celebrat.ed 
exam pies for this corn pilTison. Section 2 describes t,he F H~T in detail. Section 3 
int.roduces the empirical quc:mtities used in the compMison. The case of test.ing 
the equilibrium of a coin is presented Section 4. The (olllpcuison of the means of 
two normal distribu(.iolls is discussed in Section :5 for (hI' celse of equal variallces 
and the Behrens-FislH~r ill Section 6. 

2. FBST 

Pereira & Stern (1999) illtroduced the following measure of evidence in favor of 
a precise hypothesis , 

Definition 1: Consider a parametric statistical model, i. e., a quintet (X, A, F , 8 , 7r), 
where X is a sample space, A is a suitable sigma-nlgdJ?'1! of subsets of X, F is a 
class of probab'ility dislributions on A indexed on a jiU7!LTnelric space 8 and r. is 
a prior density over (a sigma-algebra of) 8. Svppose a subset 8 0 of 8 having 
null Lebesgue meaSU1'e (wrt 8) is of inte1'est. Let 1r(8Ix) be Ihe posterior density 
of 8, given the sample observation x, and T(x) = {8: 7r(8Ix) > sUP801r(8Ix)}. 
The measure of evidence. e-value, is defined as EV(8u, x) = 1 - PT[8 E T(x)lx] 
and a test (or procedure) is to accept 80 whenever EV(80, x) is ({large ". 

As we can see from Definition 1, the measure of evi'dence considers, in favor of 
a precise hypothesis, all points of the parametric space whose posterior density 
values are, at most , as large as its supremum over 8 0 ; TOughly speaking, it con
siders all points which are less "probable" than some point. in 80. Also, we should 
remember that, according to Pereira & Stern (1999) , a large value of Ev(80, x) 
means that the subset 80 lies in a high-probability region of e and, therefore, the 
data support the null hypothesis; on the other hand, a small value of Ev(80, x) 
points out that 80 is in a low-probability region of 8 and the data would make 
us discredit the null hypothesis. 
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An ad vant.age of this procedure is that it. overcomes the difficully of dealing v'ith 
a prf'c ise hypothesis because tlwrp is no need of to introduce cl prior posit.ive 
probability as in the usual Bcl)'p;;ian tes t , that use tbe Factor of Bayes P~~reira 
&: ~t , l"rll (1999) claim t.haJ the usc of EV(80, x) to ass(~ss the cvid(']I('e of 8 0 is 
a :' Ba\'esian" procedure, as ollly the posterior density is involven. . \ ,[adruga et 
a!. 12001] presented loss function s thdt turn the FBST a legit imat(' "I3ayesian" 
procedure, because one would call :'Bayesian" a procedure which miJ1imi zes ex
pec lt~d loss functions - t.lw colwrent solut.ion to the decisioll probh-'III. Like this, 
tlw FnST consists in 

• F{(Jject. Ho if EV(8 0, x ) :S /\' 

• Accept JIo if EV(80, :r) > 1,: 

\\'lwre l{ is a cutoff whose vahH' d( 'IH'nds on t.he loss function clIOS(,]!. For inst.ance, 
Madruga et ,,1. (2001) c()ll sid(~r D {A cccpt. Ho (do) , Reject: 1-10 (rl l)} tl)(\ decisioJ1 
spac'(·~ and define the loss function : L: D x 8 -t lR" , L(Rejert fI o, 0)' u[1 - 1(0 E 

T(x ))J e L(Accept Ho, 8) = b -t r-1(fJ E T(x)), (I., b,c > O. They pro\'(' t hat for t.his 
loss function the cutoff value is /\' lli 

(1 1(' 

3, SIGNIFICANCE AND POWER 

Pereira & Stern (1999) presenteci solutions for some knowll sCatist in'] problems 
using t.heir measure, EV(8 o, x). III most of these applications t.lwrc was all appar
ent agreement a.mong the solut.io]] g iwn by t.he E\I (80, x) aJl(1 thc' clclssic soluLion 
given by t.he p-va.lue. Of coursc, t II( ' comparison among tiJese solut.ioJls is diflie-ult., 
oncf' the classic solution possess('s " decision rule well defined, that is, t.he COIl1-

parison of the p-value wit.h a prt>-( ~s tablished significance le vel, whil(~ the decision 
rule for the FEST depends on t he loss function r:hosen by t.hp rpsc'~(Hdwr. A more 
efl(~ct ive form of comparison among t.hese solutions is through sim ul at. ion st.udies , 
b eillg observed the empiric: power of the two solutions. 1n order t.o contillue with 
this comparative study we will d( 'nne the following empiri c measures: 

Defiuition 2: The empiric signijiw,'n.ce level of a test, 0:, is given by the proportion 
of times that we rejected the nv.Ll h:lJPot.hesis when it is true. 

Definition 3: The empiric power of a test, p(B), is given by the propoTtion of times 
that we rejected the nv.ll hypothesis when it is fals e. 

With these definitions , we will compare the empiric power of the classic proce
dure , using the appropriate p-value , with the empiric power of the FBST for some 
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problems of t('st of hypotheses known. Initially consider the test of the paramet,er 
of Binomial. III this case tbe empiric signific:ann~ level will be fixed in 0: = 0,O~18. 

Following , tile comparison of two averages of normal populations with same vari
<11](;e will b(·) (ollsidered. III thi~ problem W(~ "'ill admit 5 % of rejection::; of tIle 
true llull hY[Jotiw::;is, in other words, the empiri c significance level will be 0: = 0.05. 
We will a lso ll1ake the comparison of the empi ric results in the test of equality 
of t he normal averages supposing different variances, that is in the problem of 
Behrells-Fislwr. In this case also we will admit C\: = 0.05. In each olle of (,hese 
problems t.he rule of decision will be based on llw fixed empiric significance leveL 

4. TEST OF THE PARAMETER OF THE BINOMEAL DISTRIBUTION 

Let X "-' Binomial(n, 0). Bas~d on observed result :1. \ve want to test the hypot.lH+ 
ses 

Ho : 0 = 0.5 against 

Taking th( ) pri or distribut.ion to 0 as the ulli form density in (0,1): t.he posterior 
diSLribut.ioll is given by 

Ol:r'" BeLa(x + 1, Il - ,r + 1), 

Table] presmlt.s the empiri c power , p(8) , in order to test Lhe hypotheses above, 
consider ing some values of 8. The results are based on 1000 samples of size n = 20 
of)(, The decision rules to the p-value (p) and (.he ElI(8 0 ,x), based on the fixed 
empir ic significance level , (): = 3,R%, are givell by 

• p-vahw (}J) : Reject Ho if p < 0.0254 . 

• Measure of' evidence (EV(8 0 ,x)) : Rejnd Ho if ElI( 8 o:x) < 0.0219, 

Table 1 we observe that t he empiric power is the same for two tests, 



MADRUGA AND DE BRAGANCA PERL:lRA: POWER OF FBST: STAN1)ARD EXAMPLES 5 

TABLE 1 

Empiric power to the Binomial test 

Empiric power 
f} Classic FEST 

0.05 1.000 1.000 
0.10 0.987 0.987 
0.20 0.776 0.77;1 
O ~)O 0.410 0.410 
040 0.147 0.146 
0.50 0.038 0.038 
0.60 0.124 0.124 
0.70 0.412 0.412 
0.80 0.793 0.793 
0.90 0.990 0.990 
0.95 l.000 l.000 

5. COMPARASION OF TWO AVERAGES OF NORMAL POPULATIONS 

Let X rv N(,J'I,(T2) e Y '" IV(,1.2,(T2) be independents random variables. Ba.s(~d 
on the observed valu('s of X and Y , z - (x,y), with x - (Xl,X2,'" , XII) and 
y = (Yl , Y2 ,' " ,ym), WI ' Wiln!. to test the hypotheses: 

Ho : fJI - 1'2 against HI : J-L! =I /-L2 

Using the standard improper prior, 1r(/-Ll, /-L2, (12) ex ~, for the normal paramet.ers, 
in order to get a fair comparison with p-values (DeGroot. (1970)), the conditional 
posterior dist.ribution or I ~~ ILl - /1.2, given (J2, is 

il((T2 , z) rv N (x - fi ; (J2 (~ + ~)) 
n 'Tn 

Table 2 presents the empiric power, p(r) , considering some values of,. The 
presented results are based on 1000 pairs of samples of varia.bles X and Y , wit.h 
sizes n = 10 and m = 13 , respectively, generated from normal distributions with 
variances equal to 1 a11(l averages /-LI = 0 aud fJ·2 = /-LI - 'Y. The rules of decisioll 1.0 
the p-value (p) and the EV(8 Q,x), based on the fixed empiric significance level, 
Q = 5%, are given by 
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• p-value (p) : Reject Ho if]J < O.OS . 

• \l(~a.sme of evidence (ElI( 8 (1 , z)) . Reject Ho if ElI( 8 0, z) < 0.17'10. 

J\ gclin the results illdicat.e all agn"f'llwnt of the empiric power of two test.s. 

TABLE 2 

]':1l1piric power to the test of eq\lc, lity of means 

Empiric- power 
') ( 'I,\'ssic FBS'T 

-2.0 Q()95 0.9% 
- 1.;-) I (l .t) I X 0.914 
- 1.0 O.(j40 0.(j:37 
-O .f) 0.202 0.198 
00 0.0 :')0 O.O~O 
OJ') 0.20Y 0.207 
1.0 Q.b:>,! O.!i48 
J. G 0.D2U 0.927 
2.0 0.99·1 0.<)94 

G. THE PROBLEM OF BEHRENS-FISHER 

111 [ Iii :; S{~cLioll we consider again the (est. of equali(.y of (\m no)']md averages bUL 
\I'il i1 difrerellt. varia.nces. In t.ll!' ('lassie approach (or frc'qlWlll iSf) t. his problem 
Ilc\'~ ;.;omc approxiTlw(.e solu(ions (hat (\I'(; discuss~~d and ('ornj)(\I'ed ill l\1eIlU1. & 
Srill i V(\Sall (1970) . If the In(,io bet ween t.he variances i s knowll (here are eXHcL 
solutiolls of t.he classic POillt. of view (Lehmann (1959)). Til e s(c\l){ictrd Bayesian 
pr( ){'{,<i me for tests of bypotlwses is not· applied in t.he problem of Behrens- Fi sh(~r , 

lll<lylw because the usual improper prior for normal paranwtcrs dont. all(m' t.he 
(,ct kuiiltion af the Fador of Bayc's . Due to t.llis , in genen'i l. Uw baycsialls treat 
(Ile problem of Behrens-Fisher ~iS d problem of e;,;t.ima(.ioll , \\'hose objective is 
(0 c'still1a!!:! D = fJI - /12· lvlonmo e( al. (1999) pn~:;e llf Hc),y(-'sicUl soluLi(Jlls t.o 
({-'Sf t he! (~qual i ty of t.lle a:vera.g(~s, bRsed on Bayes [1I(.rillsi(' Bayf-'s FacLor and on 
Fr8.n iona] Bayes Fact.or, proposed by Berger & Pcricchi ( 1996) and O'Hagan 
(19D5), respectively. 

The Table 3 presents the results based on 1000 pairs of sample:; of sizes 10 and 
H, generated by two norm al disLribuLions wit.h parameters p.] = O. I7f = 1, /12 and 
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a~ = 2. Tlw decision rules based on the fixed empiric significance level. ,,' 'I.: 
are gi yen by 

• p-vaJ w~ ( jJ ) : Reject Jia if p :::; 0.0.520. 

• tvleasllJ'P of evidence (E\I (Ga: z)) : Hejen !fa if EV (Go, z) s-; O.'Jl?<R. 

Now: if we 1l1c1.illlain t he same values for /1 1 and ar and we take a1 = 4. I Iw I k( i~iOll 
rules challges [.0 

• p-valw ' (/1) R.ejecL Ha if ]J :::; 0.055;). 

• ~\'lea!mre of evirlence (E1/ (Go: z)) : Rejcct Ha if EV(Gu: z) :::; O.5:2;F) 

In t.his cas~': t I j(' n:~suJt.s are presented in the T,lbJe 4 and agai 11 we have si III i Inl i I i('S 
for tlte (.wo lests. COlnpariJlg the results of the (,\VO tables: we obs('T\('d t Ilat 
the measuT'l ' of pvidence is so sensi[.ive t.o t.he illCJ'(W;8 of the varin.nc(' ,b 111< ' P
value, because the llumber of rejections ill Llw Lest decreases consirlcra hly ,,11<'11 \V( ~ 
maintain t.lw sclme values for the averages of t.he two populations a,nd w(' ill<'rt'n.,-;(:d 
the vari an('(~ of one of t hem. 

TABLE 3 

The problmll of Behrens-Fisher (/.il = 0, af _c 1, a1 ~: 2) 

Empiric powcr 
f/2 Classic FBS'T 
0. 5 0.119 0.120 
1.0 0. :328 0.:3:27 
1.5 0.G04 0.602 
2. 0 0.840 0.8:39 
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TABLE 4 

The problem of Behrpns-Fisher (J-Ll = 0, (Ii = 1, (11 = 4) 

Empiric power 
/.1,2 Classic FEST 
O.Fi 0.067 0071 
1.0 0.137 0.146 
1.5 0.243 0.2SCi 
2.0 0.3G8 0:)7:3 

7. FIN AL REMARKS 

The performance of th~ FBST measured by its PO\\'(']'s is a(. least as good as the 
test.s based on p-valuE's. In most of the situatiolls :-it lldi( ~d here, the power of 
the altcrnaLive t.est.s are equivalent. For low diJl1(,llsio]] pruhlcms e-values and 
p-va.lucs are very simi lar. For higher dimension paritllll'tl 'l' spaces they could dif
fer drastic-a]ly. How(~vcr ill ,dmost all prohlems tlwr(' are fUllctions dcscrihing 
the relaLionship among' t h<:se indexes. \Vbcncver t 1](' threshold that states the 
acc:ept/reject rules, one m<ly compute the empirical p()\\'(~r of t.he test. By mini
mizillg a linear [unction of the two kinds of errors, 0111' Iflay find t.he best decision 
threshold. III oW' case we rnillimize the sum of t.he two kilJds of errors. 

We Ilotice that. the FBST has no restricLion of diIrl('lISiollalit.y for its use if ap
propriate computation f,l,cilities are available . Allot her interesting fact is that 
sil1<:e FBST is hased only on the posterior distri hut ion, it does not depend on the 
stopping rll1<~ used. It depends only on the likelihood function. This fact shows 
that. FBST does not violette the likelihood principle as most p-values do. 
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